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Introduction

Disk dielectric microresonators with whispering gallery (WG) modes quite
naturally inscribes in the planar integral circuits. Today ones are actively study-
ing for purpose of their application in the different devices of the optical, infra-
red and terahertz wavelength ranges [1 — 7]. For calculation and optimization of
the device parameters it's convenient to carried out on basis of electrodynamic
modeling with using coupling coefficients [8]. For that it's necessary be able to
calculates microresonators both coupling coefficients with various transmission
lines, and mutual coupling coefficients between its. Eigenoscillations of two
disk dielectric microresonators was considered in [4 — 7], but its coupling coef-
ficients did not calculated and not studied in full measure. The goal of the pre-
sent work is the calculation and analysis of the coupling coefficients of the disk
microresonators with WG modes in the Open space.

Calculation eigenoscillation field of the disk microresonator

For the coupling coefficients calculation it's necessary information about mi-
croresonator eigenoscillation fields. Most simple analytical presentation the field
within dielectric cylinder can be obtained in the form of so-called one-wave ap-
proximation [9]. Toward this end, writes an electromagnetic field in the cylin-
drical coordinate system (p,a,z) (see fig. 1,a), approximately in the form of hy-
brid standing wave of the circular dielectric waveguide section:
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Here p<r,; |z|<L/2, where L —is the height, and r, —is the radius of the

dielectric cylinder (fig.1, a); J:,(x) — is the derivative of Bessel function of the
first kind of the m-th order; e;,h, — is the electrical and magnetic field ampli-

tudes; S, B, — is the wave numbers.
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Fig. 1. A —sketch of the disk microresonator in the open space. The field of the coupling
oscillations of two equal disk microresonators with even (b); odd (c) EH,,,, modes;

(m=20):¢,=96; A=L/2r,=0,2.

Approximate solution of the microresonator field in the external space can be
made by various manner [1]. Depending on that, will be determined the constant
valuese,,h;, B,B,. For a small dielectric permittivity most often uses a relation-

ship, proportional to the Hankel function of the second kind: H® (Bp). At the

same time, for the receiving of real values of characteristic parameters, the
Hankel functions should be replaced to the Neumann functions

H? (Bop) = Y. (Bop) - At that, the amplitudes e;,h, convenient to presents in the
standardize form: e, =ae, and h, =ah,, where the e ,h, can be determined

Bicnuk Hayionanvnozo mexniunozo ynieepcumemy Yxpainu «KIII»
Cepin — Paodiomexnika. Padioanapamodyodysanns. — 2015. — Ne61 61



Enexkmpoounamixa. Ilpucmpoi HBY odianazony. Aumenna mexuika

from more simple equations:

InaP) | YoaPol) o Ina®) | Yea(Po) (g
P3P PoYaPo) ° PIn(P) PoyYa(Po))

Where dimensionless parameters: p, =Br,; Py, =B,r,, and also p, =p,L/2
and p,, =B,,L/2 can be calculated from combined equations (see, for exam-
ple, [1]):

e 3 (B) 1 Ya(Be )} {u (Br) 1 Y. (B, ro)} (mB M 1}2
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as well as for the HE,, , modes:
_ ctgp,L /2
BOZ_BZ I: th L/2 :|

for theEH'

nml

modes:

ot | L)

Here n defines a number of half-waves, located in the radial direction inside
dielectric cylinder, and | defines a half-waves number, located in the direction of
z-axis in the microresonator material. Sign +(-) in the cases of HE: & mode
responds to an even (odd) distribution of z-component magnetic field; and the
—(+) for theEH’ _ mode responds to an even (odd) distribution of z-component
electric field in the microresonator (see fig. 1) relative a plane of symmetry
z=0 (fig. 1, a).

Coupling coefficient calculating

Allocation microresonators side by side with each other leads to the coupling
oscillations appearance. The fields and frequencies of this oscillations defines by
values of the coupling coefficients. In the common case, the coupling coeffi-
cient we determined as a surface integral:

Ky = Zwownl(1+85n) E_ﬂ{[és,ﬁn*]{én*,ﬁs]}ﬁds, (4)

expressed via the eigenmode field (€,,h,) of one (s-th) microresonator on the
surface of another (n-th) microresonator. Here s,n=1,2; and i — is the normal
to the surface s, of n-th microresonator, w, — is the resonance frequency; w, —
is the energy, stored in the dielectric.

In special case of one isolated microresonator: (s=n) x_ =iQ.*, where
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Q, is the usual quality factor.

As follow from [8], eigenoscillations of two identical microresonators take
on form of even and odd spatial field distributions with respect to symmetry
plane, located between ones. In this case (4): x,;, =k,,; K, =K,, and

by =+b}; b2 =-b?; &, =ik *x,,
responding to a cophased, or even, and antiphased, or odd, field distribution of

the coupling oscillations (fig. 1, b, ¢). From here, using a definition [8], and de-
termined the real and imaginary part of the frequency coupling oscillations:

"

0 0‘)0
obtain:
Re(2-) =1+ 2 Re(i,)i IM(2—) = [k, = Im(ic,)].
®, 2 ®, 2
or
Re(ic,) = 22 =Re(®~ 2y Im(,) = ImE -y =2t 1y (5
®, ®, o,  2'Q Q

Thus it's seen, that the real part of the mutual coupling coefficient (5) now
expressed via relative frequency difference, as well as an imaginary part of the
coupling coefficient is proportional to the power radiation difference of even
and odd coupling modes. As follows from (5), the real and imaginary part of the
coupling coefficient can take as a positive well as a negative values.

Direct calculation of the integral (4) is sufficiently complicated problem,
since we don't know external fields of the disk microresonators. The integral (4)
can be calculated, on a base of early known analytical expression for the cou-
pling coefficients, of the Cylindrical DRs in the Rectangular metal waveguide.
In this case, required analytical expressions for mutual coupling coefficients «_,
, can be received by transferring the waveguide walls to the infinity. Using nec-
essary expressions, for example, 3. of the [10], as well as [11, 12], after simplifi-
cations obtain:

A. In the case of two identical microresonators, with the same parity of each
field, relatively a plane of symmetry: y—y. =0 (s=1,2) (see fig. 2, a), the mu-
tual coupling coefficients can be obtained in the form:

in the area: Az>2r,; Ax<L:

32i P,
81ranI qz

(6)

Ko =
17 R {HE (e o1 8) T coszmap)HE) (k,Ap L €) | cosk Axe)de

Bicnux Hayionanvsnozo mexuniunozo ynieepcumemy Yxpainu «KIII»
Cepis — Padiomexnika. Padioanapamoéyoysanns. — 2015. — No61 63



Enexkmpoounamixa. Ilpucmpoi HBY odianazony. Aumenna mexuika

where the top sign of (6) responds to even field distribution, relatively the plane
of symmetry and a bottom one responds to odd field distribution (see 1);

SINAQ=AZ/ Ap; Ap=yAY’* +AZ"; AX=X,—X,; Ay =Y, —Y,; Az=|z,~-2,].
Here
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F(8) = E—O{[kfxll— &30 (P )30 (A, 1-E7) — KB (P)I (0, y1-E7)]-

1 (B, cosp, sing,& - koEsinp, €osq,8) |
Bi_(ko g)z (Bz Sinpz COqua_ko};COsz Sinqz&)
HBI (P )3n (A, V1-E2) =KoL= &3, (P ) (A, Y1 -E)]-
1 (kZgsinp, cosq,&—k,B, cosp, sing,£)
B -K(1-87) | (Kiecosp, sing,&— kB, sinp, cosg, )
k2 —k?)
Ll I VR C I
P koy1-&
1 (BZS|an Cosng_kOéCOszSinng) .
32— (ko &)7 | (B, cosp, sing,E—k,Esinp, c0sq,) |

(7)

FZ :kf_ké 0 ‘]m LJ 1 1- 2
(&) =( ){eml%ko\/—az (P Mm@, y1-8") - k(l &y

1B (P )3 (0, 1-E) ko 1- 13, (pL)Jm(qlJl—T 1}
1 (B,sinp, cosq,&—k,Ecosp, sing,&)
B2 (ky &)’ {(BZ cosp, sing,& —k,Esinp, cosqzi)}
e,;h, —is the normalized amplitudes, defined from (2);
o =] €=’ 352 (P.) (P )3 (P)]+
+(e +ho) [Ina(P) = 3n (P ) (P )T+

2 2
w2l n s ) —Jm_l(pi)Jmﬂ(pL)]}{zgz e ZEZ}

Kig Bepyerz )
+|:(B e0 kl hO) [‘]m—l(pj_) ‘]m(pj_)‘]m—z(pj_)]-i_

z

Bicnuxk Hayionanvnozo mexniunozo ynieepcumemy Yxpainu «KIID»
64 Cepin — Paodiomexnika. Padioanapamooyoysannsn. — 2015. — Ne61



Enekmpoounamixa. IIpucmpoi HBY odianazony. Aumenna mexuika

s+ Penyz (0) =3, (0)3ma (1 +

Bz kl
. 2p, —sin2p,
+2(B_eo) [Jm(pL)—Jm1(pL)Jm*1(pL)]M2pz +sin ZpJ

k,=\/e,K,; ky=0w,/C; o, — is the circular resonance frequency; c¢ — is the
light velocity.

Fig. 2. Mutual coupling coefficients as a function coordinates of the microresonators with
&, =9,6; A=0,2, for EH/,, modes; (m=20) (b, c); EH,,, (d,e).

B. In the case of identical disk microresonators with equal parity of the
field distribution (see fig. 3, a) relatively the plane: x—x, =0 (s=1,2),
in the area: Az > L obtains

32i P,

81ranI qz

(8)

Ko =

L a-iNiPkoaz
i elﬁ{[(kf K3 ()| o (koApi) £ (1) cos(2mAw)d,., (KoApic)] +
+ | D(1<)|2 [J, (K, Apx) F (—1)™ cos(2mAw)J,,. (K, Apk)]}cdk,
where
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Fig. 3. Disk microresonator coupling coefficient dependencies for the EH,’,,, mode;

(M=20); &, =9,6; A=0,2.

The integral convergence provides by choice of the radical signs for &>1:

JE& —1=—i\J1-£% inthe (6, 7), as well as for v/k? —1=—iv1-«? inthe (8, 9).

The coupling between disk microresonator and the open space can be ob-
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tained from:
32i , [t
SR 9%

e ci—) +‘D(*\/1—K2)
81r\NnmI q

following from Helmholtz-Kirchhoff's integral theorem.

Coupling coefficient analysis

Discovered relationships valid for any eigenoscillations of the disk microres-
onators in the open space, but a greatest interest presents a WG modes, as is well
known, possessed a highest possible quality. It's considering the coupling coef-
ficients for the WG modes.

yk, (9

Ky =

sx107% | | . 2107

41073 | |
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Fig. 4. Coupling coefficients as a functions of the microresonator coordinates: ¢, =9,6;
A=0,2, for the HE,,, mode; a, b - for position, shown in fig. 2, a; ¢, d - for the position,
shown in fig. 3.

Fig. 2 — 4 are showing a coupling coefficient dependences on Disk microres-
onator centers, composed of the dielectric with the relative permittivity ¢, =9,6

and the comparative dimensions A =L /2r, =0,2. It's clear, that real part of the

coupling coefficients has sufficiently visible values only in a small region, the
resonator surfaces are closed with each other (fig. 2, b —e; fig. 3, b — c; fig. 4).
Increasing distance between resonator centers accompanied by significant cou-
pling coefficient decreasing. At that, relative motion in the tangent direction
leads to complex interference (fig. 2, b, d; fig. 3, b; fig. 4, a, c¢) of their mutual
influence, determining by significant eigenmode field variation nearby their sur-
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face. The greatest amounts of coupling between microresonators appears on its
coaxial arrangement (fig. 3, b, ¢). The signs of the coupling coefficients extreme
values determines both by the azimuth numbers and mutual microresonators po-
sition (fig. 2, c, e).

Imaginary part of the coupling coefficients are more smooth functions on
coordinates (fig. 2, b, d; fig. 3, b; fig. 4, a, c). For selected dielectric permittivity
its values approximately one tenth degrees as many as real parts. The same order
have a coupling coefficient of the disk microresonator in the open space (9).

Filter parameters calculation

Obtained results allow to us create an electrodynamic models of various fil-
ters in the millimeter, terahertz or infrared wavelength ranges [13].

—_— ]

2 N - S

a

dB ra}‘i.

-

1 | | I !
1499995 1.259997 1.499999 1 300001 . um 1.499955 13 /2, jtm

b c

dB rua_

| 499995 15 A pm 1 499995 13 2. im
d ¢

Fig. 5. Computed S-matrix parameters of the bandpass filter (a) on 15 Disk microresonators
with EH;,,, mode: ¢, =9,6; Q°=10°; A=0,2; f,=200THz; k, =10"°.

1,20,1

The fig. 5, 6 are showing results of the calculation of S-matrix bandpass fil-
ter parameters, that buildings up on a disk microresonators with EH;,,, mode.

Proposed, that coupling coefficients k,_ of the terminal microresonators with

transmission lines are known. Mutual coupling coefficients was obtained from
(6-9).
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. _.-d ook 1
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3 ;d =
- :d 1 — 60 | L -30 I
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Fig. 6. Sketch of bandpass filter on vertically coupled disk microresonators (a). S-matrix
responses of the 10-section bandpass filter with EH,’,,, mode as functions of the wave-
length (b — c). The coupling coefficients of the terminal resonators with transmission lines:

k,=4-10"°; ¢,=9,6; Q° =10°.

It's seen, that in consequence of rapidly coupling coefficients decreasing,
all S-matrix parameters are symmetrical functions on the wavelength. As we
used a large number of resonators, the s, squareness was obtained very well.

1 2 3 N
a
S'Jl-. T T T Sll"_ T T T T —
dB dB
—50F — 1ok |
- 100 -
_2[}— —
— 1501 -
_3[}— —
—200 | | | | | |
1.4995 1.4998 1.5 A, um 14996 14998 15 15002 A, m
b C

Fig. 7. Computed S-matrix parameters of the bandstop filter (a) on 10 disk microresonators
with EH;,,, mode: ¢, =9,6; Q° =10"; A=0,2; f,=200THz; k_=10"°.

Fig. 7 shows a scattering parameters, calculated for the bandstop filter on 10
disk microresonators with EH;,,, mode. Obtained characteristics demonstrates

capability of the receiving narrowly band filters in the infrared range, that allows
to use ones in the optical integrated circuits of various communication systems.

Conclusions

Analytical relationships for the coupling coefficients for WG modes of the
disk microresonators in the Open space has been obtained and investigated.
It stated, that WG mode coupling coefficients describes by complicated de-
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pendencies on the structure parameters.

The real and imaginary parts of the coupling coefficients for the WG modes
can be differed more than one tenth degrees.

The coupling between not adjacent microresonators in the filters is small in
comparison with coupling between adjacent ones, that allows simply to build
filters with symmetrically parameters of the scattering.
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Tpyoin O. O. Koeghiuienmu 36'a3Ky Oouckosux Oie1eKMpUYHUX PE3OHAMOPIé 3 KoJlU-
eanuamu wenoyyuei zanepei. [lpuseoeno pe3yiomamu po3paxyHKie KoeiyicHmie 63aEMHO-
20 363Ky  OUCKOBUX OleIeKMPUYHUX PEe30HAMOpPI6 3 KOMUBAHHAMU ulenouyuell 2anepei.
Po3zenanymi ocnoeni 3axonomiprnocmi 3minu 368's3Ky npu eapiayii napamempis MiKpope3oHa-
mopie. Po3spaxoeani uwacmomui 3anesxcnocmi mampuyi po3CilO8AHHA CMY208020 ma pe-
HCEKMOPHO20 Pinbmpie Ha OUCKOBUX MUKDPOPE3OHAMOPAX IHPPAUep8OH020 Oiana3ony.

Knrouoei cnosa: mikpopesonamop, koegiyienm 36'13Ky, KoIuBanHs wenouyuei eanepei,
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S-mampuys, ginemp

Tpyoun A. A. Koaghghuuuenmut céazu Oucko6vlx OulINeKmMpudecKux pe3oHamopos ¢ Ko-
nebanuamu wienuyuien 2anepeu. llpusedensvt pe3yiomamol paciemos Ko3Qduyuenmos 63a-
UMHOU C8A3U OUCKOBLIX OUIIEKMPUUECKUX PE3OHAMOPO8 C KOJIeOAHUAMU uenyyujeli 2aiepeu.
Paccmompenvt ocnosnvie 3akonomepHocmu usMeHeHus C6A3U NpU 8apuayuil napamempos
MUKpope3onamopos. Paccuumanvl yacmomuvle 3a8UCUMOCMU MAMPUYbL PACCESIHUS NOJLOCO-
8bIX U PEIHCEKMOPHO20 PUNLMPOE HA OUCKOBBIX MUKPOPE3OHAMOPAax UHGPAKpacHo2o0 Ouanda-
30Ha.

Knrwouesvie cnosa: muxpopezonamop, kodghguyuenm cesasu, Korebanus wenuyuell eaie-
peu, S-mampuya, puromp

Trubin A. A. Coupling coefficients of the disk dielectric microresonators with whisper-
ing gallery modes. Calculation results of the Disk dielectric microresonators coupling coeffi-
cients are presented. Microresonator coupling coefficients as a functions of main parameters
is considered. S-matrix frequency dependences of both bandstop and bandpass filters on Disk
microresonators of infrared wavelength range is calculated.

Keywords: microresonator, coupling coefficient, whispering gallery mode, S-matrix, fil-
ter.

Bicnuk Hayionanvnozo mexniunozo ynieepcumemy Yxpainu «KIII»
Cepia — Padiomexnika. Padioanapamooyoyeanns. — 2015. — Ne61 71



