Enexkmpoounamixa. IIpucmpoi HBY odianazony. Aumenna mexnika

YK 621.372

COUPLING COEFFICIENTS OF THE SPHERICAL DIELECTRIC
MICRORESONATORS WITH WHISPERING GALLERY MODES'

Trubin A.A., professor
National Technical University of Ukraine (KPI), Kiev, Ukraine
atrubin@ukrpost.net

KO2®PUIHUEHTHI CBA3U COEPUYECKUX JUIJIEKTPUYECKHUX
MUKPOPE30HATOPOB C KOJIEBAHUSMU HIEMYYIIEN T'AJIEPEU

Tpy6in Onexcandp Onexcitioguy, 0.m.H, npog.
Hayionanvnuit mexniunuu ynieepcumem Yxpainu « Kuigecbkuti noaimexniunuil incmu-
mymy, m. Kuis, Ykpaina,

Introduction

Today the Spherical dielectric microresonators with whispering gallery
(WG) modes are actively investigated for purpose of their application in
different optical devices [1 - 10]. For calculation a scattering of electromagnetic
waves on the microresonators in various structures it may be necessary a
knowledge of mutual coupling coefficients between its. Mutual coupling
coefficients of the Spherical dielectric microresonators are not studied in full
detail.

The goal of the present work is the calculation and analysis of the coupling
coefficients of the Spherical microresonators with WG modes in the free space.

Calculation of the eigenoscillation fields of the disk microresonator

For coupling coefficients calculation it's required information about fields of
i1solated microresonators. The eigenmode’s electromagnetic field of the Spheri-
cal microresonator is well known [11].

In local spherical coordinate system, which is associated with microresonator
center, the field of the magnetic type is described by equality to zero of the radi-
al component of the electric field. Usually it is denoted as H, ,
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The second type of the field is described by the radial magnetic component
h,=0. This type, named electrical, is denoted as E, . Corresponding field

components for the electric type can be find from (1) with help of the known
replacement é 22 4 and p, = —¢, .

d e f

Fig. 1. A - the Spherical microresonator in the free space. The field distribution of the
Spherical microresonator eigenoscillations (g, =2,2) for the WG mode: H, (b, c); H,

e); H__ (f, g)inthe plane: ¢ = 0;7 (b, f); ¢=0 (d); =7 (e); 6= n./2 (c, g).
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Here P"(cos®) is the associated Legendre polynomial; f*’(z) — one of the
spherical Bessel functions: j, (z)=(n/22)"?J ,,(2); v,(z2)=(n/22)"Y . (2);
h'?(z)=(n/22)"*H? ,(z) [12], or their linear combinations.

‘S n are integers; ones determines a number of the field's

variations in the meridional plane: ¢ = const and on the surface: 6 = const, re-
spectively. In the dielectric volume (r<r): f"(k»)=a,j (kr); in the open
space: (r>r): £ (k,w)=a,h'” (k,r). Satisfaction to the boundary conditions
leads to determination of the unknown constants (a,;a,). At that, the character-
istic parameters p , g would satisfy to the equations [11]
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e, (P = . (D (9) 2)
for the magnetic modes H, ,, and

! % W, (DN @) =), (p)diq ah (@) 3)

for the electrical modes £, .

The characteristic equations (2), (3), are not depended on m ; it have com-
plex solutions, obtained numerically. Via / we shall denote a number of the root
on the equation (2), or (3). The / defined a half-waves number, situated in the
radial direction inside microresonator. The real part of the characteristic parame-
ter: p,=Rep defined the frequency of the mode, and the imaginary part:

p, =Im p defined loses, associated with radiation and dielectric dissipation. Q-
factor of the mode can be calculated by the formula: Q= p,/2p,. We shall in-

terest to the high-Q WG modes of the Spherical DR.
Fig. 1 is showing an example of the field distribution of several degenerated
WG modes H,,,, of the Spherical microresonator, consisting of silica (g, =2,2

). This examples are showing the difference in spatial field distributions, corre-
sponding to various values of the m numbers.

Coupling coefficient calculating

The coupling coefficients of the Spherical microresonators can be obtained
from already known expressions. We used analytical expressions for the cou-
pling coefficients of the Spherical DRs, situated in the metal Rectangular wave-
guide [13]. At rush the waveguide walls to the infinity, the sums on the wave-
guide waves numbers transformed to the integrals on nondimensional parame-
ters.

As a result of integration, after simplifications, has been obtained next rela-
tionships for two equal Spherical microresonators with magnetic modes H_ . :

nml *
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iy =t L) (2t gy, 0
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0

0
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where y=4l1-n; Ap= \/(xz %) +(y,=»)"5  sin(A@)=(y, - »,)/ Ap;
Az = ‘zz —zl‘ (see fig. 2, a).

In the special cases of the H,,,; H,,, modes, the obtained expression (4) co-
incides with known early [14].
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Top relationship (4) in the square brackets corresponds to odd - odd (higher),
or even-even (lower) modes that radial magnetic field proportional to the
sin(m@) or cos(me) in the local spherical coordinate system (1). The bottom
relationship in the square brackets corresponds to the odd - even, or even - odd
modes. It's intended, that the direction of the axis at all local coordinate systems,
associated with resonator centers, are coincides.

The relationship (4) is superfluous. Most often, the coupling oscillation field
in such structure forms in the view of even, or odd spatial distributions relatively
symmetry plane, passing to the DR centers. It's examines the case, when the DR
centers situated in the plane, that parallel to the xz: y =y, .

In this case A@ =0 and the relationship (4) can be simplified:

. = 2.0 (2n+1) (n—m)!
2146, n(n+l) (n+m)! ”

a, (p.q)- (5)

0

1 {(l—ﬁ)‘”’z—;ﬂ ok d0) T (1), ok Ap)];dn+

+| [mP" ()] 1o (ikop) £ (-1)" T, (17K, Ap)]7d77}

If all resonator centers are disposed on the z-axis Ap =0 (fig. 2, a), then (5)
takes more simple form:

—iykoAz

B .,.(2n+1).(n—m) dpr" (7/) .
K =20 ! (p.q)- j{{(l = } +[mEr ()] }7@

The integrals (4 - 6) can be calculated, if used relationships, following from
the non tabular integral [14]:

oo () (ST Yo dr T2 =8 (5 B+ i (Vo) 7

0

where b, ¢ — is the real constants.
In the particular case of n =m =0 the (7) takes more simple form, known as
Sommerfeld's integral:

[e ™0 g (cty de/N1=1> = h® (\/b2 +¢ ) (8)

0

Differentiates (8) of m times on the parameter b, obtain:
j(\/ =Yy (ct)e ™t dt 1= =17 (\/b2+c ) for (b>0) (9)

Since, using the expansion:
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Convergence of the (7) — (10), in the area ¢>1 provided by choice of the

radical sign —ivt* —1.

In the limit of # =0 finds from (9) for the 7 =2n

hmj(\/ —2Y (et ™t de /1= = (-1y’ e, (\/ +c2)

bZn 0

(11)

b=0

One put in the (11) ¢ =0, obtain:

s ! d2s
e ™ g dr 1= = 3 — W (b). 12
({ z(m s)ls! db® " Q (12)
Expressions (9); (11) do not comfortable for calculating if they contain de-
rivatives of higher degree. In the cases of m > 1, the derivatives can be calcu-
lated with help of the decompositions:

d" )\ _ (—)" 1
dbn ho (b)_ ( ) 'Z(l’l S)' bs’ (13)
and
" (72 . _@stD29)! 1
den ho ( b +C )bzo_( 1) (2 )';2"“(” S)'(S') H(2u+1) o (C)(14)

The relation (13) was obtained as a result of the spherical Hankel function
presentation via elementary functions as well as using the Leibniz's theorem to
the product's of differencing. The decomposition (14) follows from the summa-
tion theorem for the spherical Hankel functions.

Obtained integral relations (9) - (14) allow to calculate from (4) - (6) new
coupling coefficients for the high modes.

For example, for the eigenoscillations with 7 =m, taking into account the
presentation of the Legendre polynomials [12]:

(Zm)'( _ )m/2’
m!

obtains the integrals (4), (6) in the form:

2m+1)! m—2s d* @)
=i "— : hy” (k,Az 15
Ko = T o, (p.q)- Z(; ol dg A teda) (9

Fl(z)=
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and
m (2m +1)!
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: s=0 - . *

(=)™ sin(2mA@)(sin A@)*" h{> (k,, Ar)

Here Ar = \/(x2 —x)’ +(y,~ )’ +(z,—2) ; sin(AB) = Ap/Ar.

In the common case, the integral (4) can be calculated, if it is considered,
that presented items, contained derivatives as well as the Legendre polynomials,
itself are the polynomials and can be expanded into the series:
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Substituting (17) in the (4) and using 1ntegral (7), obtains ﬁnally for equal

parity each resonator oscillations:
2:i (2n+1) (n—m)!
= 18
S o nneD) nmy P (1%)

{Zn: (-1)a, P, (cos AOYhY (k,Ar) F cos(2mA(p)Z( 1)’ b;”‘Pzim (cos AO)hY (k,Ar)};

S=m

for the oscillations of different parity:
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Fig. 2. Two Spherical microresonators (a). The complex coupling coefficients as functions of
the distance between microresonator centers for the WG modes H, , (m=20;¢, =2,2).

For the even-even modes (¢ - f); for the odd - odd mode (g); for the odd - even modes (h);
Ap=0 (b); Az=0 (c, e); Ay =2r,,Az=0 (d); Ax=0,Ay =2r, (f); Ap=0 (c, 8);
Ap=7/4m (e).
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. = 2:i (2n+l) (n—m)!
21468, n(n+l) (n+m)!

al(p,q)- (19)

(—sin(2mAg) Y (~1)' ¢, P2 (cos AO)h? (K, Ar)}

For the electrical modes E, ,, the coupling coefficient relationships nominal-

ly coincides with (4) - (19), however the multiplier o (p,q), determining cou-

pling dependence on the dielectric parameters, should be replaced by
o, (p,q) [13]:
2

81}' jn (p)

g |h®(q) /{[pz _”(”+1)]Jf(p)+[njn(p)—pjn_l(p)]z},

where also p =k;n, u g =k,r, - 1s the characteristic parameters of the Spherical

o, (p.q)=

microresonator for the electrical modes (3).
Coupling coefficient analysis

Obtained above relationships were used for the calculating of the coupling
coefficients for WG modes Spherical microresonators. As can be seen from the
calculation results, presented in fig. 2, 3, the coupling coefficients of the WG
modes obtain sufficiently large values only in the near-field region in which the
microresonators are touching by surfaces to each other. These regions have a
largest field concentration on the corresponding modes (see fig. 1). Increasing
distance between resonator centers accompanies by significant coupling decreas-
ing. At that, the relative motion in the tangent directions leads to a complex in-
terference of their mutual influence, determining by significant eigenmode field
variation nearby their surfaces (fig. 2, d - f; fig. 3, c, f).

Different orientation of fields of the microresonators relatively it movement
in the radial direction also leads to a complicated correlation of the radial cou-
pling coefficients (fig. 2, e, g, h).

In the majority cases the imaginary part values of the coupling coefficients at
least one tenth as many as it real parts. Degree of the imaginary part of the cou-

pling approximately is equal to O".
Filter parameters calculation

Obtained results allow to design electrodynamic models of various filters in
the millimeter and infrared wavelength ranges. It's considerable interest to the
determining of the feasible scattering parameters of the bandstop and bandpass
filters, building up on basis of the Spherical microresonators [16].
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Fig. 3. Complex coupling coefficients as functions of the microresonator coordinates for the
WG modes H,,(a-c); H, (d-0)(n=25;¢,=2,2); Ap=0 (a, d); Az=0 (b, e);
Ar=2r,, Ap =0 (c, f).

Basic difficulty of the filter design is necessity of supply power with exci-
tation only one kind of confluent modes, inherent to this type of the microreso-
nators. One further difficulty is necessity of support accurate dimensions of the
filter elements, such as equality of the microresonators as well as its precise ar-
rangement relatively one another.

Example of calculation on the S-matrix parameters of the bandstop filter on
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WG modes H,, , (m=30)is shown in the fig. 4. The Spherical microresonator

parameters are: f, =200THz; &, =2,2; Q" =10". The coupling coefficients
between microresonators were calculated on (5); the coupling coefficients be-
tween microresonators and dielectric waveguide are equal: k, =5-107. Here
and below S, =S,,(A) = 20lg‘T(K) ; S, =8,V = ZOlg‘R(K)
ing matrix elements, where 7(\) — is the transmission coefficient and R(L) — is

the reflection coefficient response of the microresonator system in the wave-
guide.

, are the scatter-

1 2 3 N
a
Sll I j l Sn —1
dB dB
- 50k — =10 N
-20f /_\
- 100 —
| | 1 |
1.45 1.475 1.5 A, um 1.45 1.5 A, Lm
b C

Fig. 4 Sketch of bandstop filter on the laterally coupled Spherical microresonators (a) and
dielectric waveguide. S-matrix responses of one band of the 25-section Spherical
microresonators (b - ¢).

The fig. 5 shows theoretical scattering parameters of several bandpass fil-
ters on the Spherical microresonators with WG modes. Here by the continuous
curves denoted S,,(A) and by the dotted curves are denoted S,,(A) responses on

the wavelength. Practically zero coupling between not adjacent microresonators
supports a well symmetry of the S-matrix parameters relatively central wave-
length.

Calculated a group delay (fig. 5, ¢, f, 1) also are showing possibility of such
filters using for the signal latency.
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Fig. 5 Bandpass filters on the Spherical microresonators with WG modes H,,, (n=30), (a);
H, (n=31),(d); H,, (m=30),(g). S-matrix of the 7-section (b); 10-section (e, h) filters

as a function of the wave-length. Group delay (c, f, 1) as a function of the wave-length.
f,=200THz; ¢, =2,2; 0” =10". The coupling coefficient with dielectric waveguide:

k, =0,0005 (b); k, = 0,009 (c); k, =0,001 (h).

mml
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Conclusions

An analytical relationships for the coupling coefficients of the Spherical
microresonator in the Open space has been obtained and investigated.

It's showed that the WG mode coupling coefficient describes by more com-
plicated dependencies on the structure parameters.

The real and imaginary parts of the coupling coefficients of the WG modes
can be differed more than one degree.

Obtained results showed a possibility of building different types of varied

bands filters with symmetrical characteristics.
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Tpyoin O. O. Koegiyienmu 36'a3Ky chpepuunux oienekmpuunux mikpopezonamopie 3
Konueanuamu uienoyyuei zcanepei. Ilpusedeno pe3yromamu meopemuyHux po3paxyHKie
Koeiyienmis 38'a3Ky cehepudHux OieleKmpUdHUX MIKPOPE30HAMOpI8 3 KOIUBAHHAMU Uleno-
yyyei eanepei. Posensnymi ocno6ui 3axonomipHocmi 3MiHu Koe@iyicumis 36'a3Ky npu eapiayii
napamempis Mikpopezonamopis. Po3paxoeani yacmommi 3a1ediCcHOCmi Mampuyi po3cito8aHHs
DEdHCEKMOPHO20 Ma CMY208Ux Pinbmpie ki noOy008ami Ha chepuiHux MUKpope3oHamopax
iH(hpauepsoro2o dianasomy.

Tpyoun A. A. Koagppuuyuenmut céazu cghepuueckux ouinekmpuuecKux MUKpope3ona-
mopoeé ¢ Konebanuamu wenyyuien canepeu. Paccuumanuvl pacnpedenenus noiel pasiuyHsix
BbIPOINCOCHHBIX COOCMBEHHBIX KOJeOAHUL ChEepUYecKUx MUKpPOPEe30HAmopos 6uod uenyyuell
eanepeu. Ilpusedenvl pezyrbmamsl meopemudeckKux paciemos KOMNIEeKCHbIX Kodpuyuen-
MO8 B3AUMHOU C8A3U CheputecKux OUINEKMPUYECKUX MUKDOPE3OHAMOPO8 8 OMKPLIMOM NpPO-
cmpancmee. Tlonyuensvl obwue anarumuyecKue COOMHOUEHUs Olisl KOIPhuyuenmos cesasu.
Haiioennvle svipasicenusi cosnaoarom ¢ noayyeHHbIMU panee Oisi HUSWUX MUN08 Koaeoanul
chepuneckux OudIeKMpU4ecKux pe3oHamopos. Paccmompenvl 0cHOBHbIE 3AKOHOMEPHOCMU
UBMEHEeHUsT KO PuyUuenmos ces3u npu apuayuy Napamempos MUKpope3oHamopos, a max-
JHce UX OMHOCUMENbHO20 PACNONONCEHUS NPU B030YHCOCHUU 8 HUX PA3HBIX UO08 KOLeOAHUl
muna wenyywetl earepeu. Iloxazano, umo 6 ciyuae Korebanui wenyyuetl eaiepeu, Koapgu-
YUEHMbl C8:A3U USMEHAIOMCA 00/lee CLONCHLIM 00pa30M Npu 6apuayuu napamempos CmpyK-
mypol. Ycmanoeneno, ymo Ko3puyuenmol 63auUMHOU C8:A3U NPUHUMAIOM BUOUMbLE 3HAYEHUs
monvKo 8 baudicHel oonacmu 601u3u "kacanusn" nosepxnocmeti MUKpope3oHamopos, onpeode-
JIeMoll pacnpedeneHuem nojisi UX COOCMBEHHbIX KoleOaHutl, npu 3mom Ovicmpo yoviearom
npu yeeaudeHuu paccmosanus mexcoy yeHmpamu. Boieeoeno HecKonbKo HO8bIX He MAOIUYHbIX
unmezpanos, cooepaicaugux Qynkyuu bBeccens, u omcymcmeyrowux 6 HayyHbIX nNyOIUKayusx u
cnpasounuxax. Ha ocnoeanuu nonyuennvix gopmyn, paccuumanvl 4acmomHule 3a8UCUMO-
cmu mampuysl paccesiHus 25-36eHHO20 PENCEKMOPHO20 PUIbmpda, NOCMPOEHHO20 C Npume-
HeHuem cghepuyeckux MUKpope3oHamopos uHQpaKkpacHo2o ouana3oHa OIuH 60JH, 8bINOJIHEH-
HbIX U3 K8apyesoeo cmekna. Paccuumanvl u ucciedosanvl xapakmepucmuku paccesiius paoa
MHO2038EHHBIX NON0COBbIX QPuibmpos. Hccnedosanvi napamempuvl NOJNOC NPONYCKAHUA, a
MAKHCe BHOCUMOU 2PYNNOBOU 3A0ePHCKU (PUILMPOE 8 3ABUCUMOCTU OM B030YHCOAEMBIX 6
MUKpope3onamopax 8uoos xonebauuti. Ilokazano, ymo Ha OOHUX U MeX dce CMPYKMypax
MUKDPOPE30OHAMOPO8 MOJICHO Dedalu308bl6amb KAK WUPOKONOIOCHbIE, MAK U Y3KONOJIOCHbIe
Gurompsl 8 3a8ucumMocmu om cnocoba 8030yHcOeHUs UX 8bIPOAHCOeHHbIX KoaeOanuu. [lony-
YeHHbIe Pe3VIbMambl CYUeCmEeHHO PACUUPSIION 603MONCHOCIU PA3pAbOmMUUK08, m.K. No3-
B0JIAI0M CO30A6AMb INEKMPOOUHAMULECKUE MOOENU NOJIOCOBBIX U PEHCEKIMOPHBIX (DUIbMPO8,
a makoice Opyeux YCmpoucme MULIUMEMPOBO2O U UHPPAKPACHO20 OUANA3Z0HO8, NOCHPOECH-
HbIX HA OCHOBE NPUMEHEHUs MUKPOPE30HAMOpos8 chepuieckoli hopmbl ¢ KOLeOAHUAMU uien-
yyweu eanepeu. Takue gunvmpsl Mozym Oblmb UCNONb308AHBL 8 MYTbIMUNIEKCEPAX, TUHUSAX
3a0epoicku, a makace Opy2ux YCmpoucmeax CO8PEMeHHbIX B0J0KOHHO-ONMUYECKUX CUCmeM
Ces3U.

Trubin A. A. Coupling coefficients of the Spherical dielectric microresonators with
whispering gallery modes. The calculation results of the Spherical dielectric microresonators
coupling coefficients with whispering gallery modes are presented. Microresonator coupling
coefficients as a functions of main parameters is considered. S-matrix frequency dependences
of both bandstop and bandpass filters on the Spherical microresonators of infrared wave-
length range are calculated.

Keywords: microresonator, coupling coefficient, whispering gallery mode, S-matrix, fil-
ter.
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