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The theory of scattering of electromagnetic waves by systems of various coupled the different shape and

variant permittivity dielectric resonators is expanded. A new definition of the coupling coefficients of different

dielectric resonators is given. The analytical expressions of coupling coefficient of different cylindrical and

spherical dielectric resonators made from different dielectrics are obtained. The main regularities of the

change in the coupling with the variation of the structure’s parameters are considered. The results of

calculation of the transmission and the reflection coefficients for bandpass and bandstop filters on various

dielectric resonators in the rectangular and circular waveguides are presented. Most optimal configurations,

allowing to achieve the best scattering characteristics are determined.
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Introduction

It is well-known that in addition to a very hi-
gh 𝑄 factors the dielectric resonators (DR) have a
number of disadvantages, such as increased density
of the spectrum, in some cases non-optimal coupling.
The scattering parameters of a variety of devices can
be significantly improved by using different forms of
DR [1–8]. For the purposes of theory development all
resonators are generally supposed to have the same
shape and manufactured of the same dielectric [9]. In
order to improve the parameters in some cases there is
need to build filters on DRs with different shapes made
of variant dielectrics. However, in this case the theory
describing scattering processes becomes more compli-
cated. In this article we developed electrodynamic
theory for describing different DRs. The equation
system for the unknown amplitudes of the DR coupled
oscillations have been obtained. Total analytical soluti-
ons have been found. The research of electromagnetic
wave scattering on different cylindrical and spherical
DR structures have been conducted in the propagati-
ng waveguide and evanescent waveguide segment. In
special case of identical resonators obtained solutions
are simplified to the known ones [9].

1 Statement of the problem

The goal of the current article is the development of
the theory of microwave filters, consisting of different
DRs, that can be used in the modern communication
systems.

2 Scattering theory

Consider the system of different DRs, consisting
of different materials. We assume that the eigenosci-
llation field of each isolated DR is known: (�⃗�𝑠, ℎ⃗𝑠),

(𝑠 = 1, 2, ..., 𝑁). Here �⃗�𝑠 — is the electric field and ℎ⃗𝑠 —
is the magnetic field intensity of the 𝑠-th isolated DR.
The eigenoscillation field of the 𝑁 -DR system (�⃗�, ℎ⃗)
can be found as a superposition of fields of the isolated
resonators:

�⃗� =
𝑁∑︀
𝑠=1

𝑏𝑠�⃗�𝑠; ℎ⃗ =
𝑁∑︀
𝑠=1

𝑏𝑠ℎ⃗𝑠 (1)

As shown, the DR amplitudes 𝑏𝑠 should satisfy the
equation system [10]:

𝑁∑︀
𝑠=1

(𝑘𝑠𝑛 + 𝑖𝑘𝑠𝑛)𝑏𝑠 − 𝜆𝑏𝑛 = 0, (𝑛 = 1, 2, ..., 𝑁) (2)

where
𝜆 = 2 · (𝛿𝜔/𝜔0 + 𝑖𝜔′′/𝜔0), (3)

𝜔0 = Re[𝜔𝑠] is the real part of frequencies of isolated
partial resonators (𝑠 = 1, 2, ..., 𝑁); 𝛿𝜔 = Re(�̃� − 𝜔0);
𝜔′′ = Im(�̃�); �̃� — is the complex resonance frequency of
the DR system; 𝑘𝑠𝑛, 𝑘𝑠𝑛 are the coupling coefficients
of the 𝑠-th and 𝑛-th DRs on damped and expanding
waves of the transmission line [10] respectively:

𝑘𝑠𝑛 = −1
𝜔0𝑤𝑛

∑︁
𝑡≥𝑡𝑀

(𝑐𝑠±𝑡 )0(𝑐𝑛∓𝑡 )*0𝑒
−ΓΔ𝑧;

𝑘𝑠𝑛 = 1
𝜔0𝑤𝑛

∑︁
𝑡≤𝑡𝑀

(𝑐𝑠±𝑡 )0(𝑐𝑛±𝑡 )*0𝑒
−𝑖ΓΔ𝑧.

(4)

Here 𝑡𝑀 — is the ultimate multi index, determining
the numbers of the expanding waves in the line, and a
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(𝑐𝑠±𝑡 )0 — is the expansion coefficient of the 𝑠-th DR
field on the 𝑡-th wave of the transmission line [10],
calculated in the coordinate system, associated with
𝑠-th resonator center; ∆𝑧 = |𝑧𝑠 − 𝑧𝑛|; 𝑧𝑠 — is the
longitudinal coordinate of the 𝑠-th DR; Γ — is the
longitudinal wave number of the transmission line; and

𝑤𝑛 = 1
4

∫︀
𝑉𝑛

(︀
𝜀𝑛|�⃗�1𝑛|2 + 𝜇0

⃒⃒⃗
ℎ1𝑛

⃒⃒2)︀
𝑑𝑣 — is the energy,

stored in the dielectric of the 𝑠-th DR; 𝜀𝑛 = Re𝜀𝑛;
𝜀𝑛 = 𝜀𝑛 − 𝑖𝜀′′𝑛 — is the complex dielectric permittivity
and the 𝜇0 is the permeability of the 𝑛-th DR.

In the case of different DRs the coupling coeffici-
ents (4) take different views: 𝑘𝑠𝑛 ̸= 𝑘𝑛𝑠 and 𝑘𝑠𝑛 ̸= 𝑘𝑛𝑠.

Generally, by providing the solution to the equation
systems (2) for each obtained 𝜆𝑣, it is possible both to
calculate approximately the complex frequency �̃�𝑣 of
the system coupling oscillation and to determine all
amplitudes of partial resonators �⃗�𝑣 = (𝑏𝑣1, 𝑏

𝑣
2, ..., 𝑏

𝑣
𝑁 ),

(𝑣 = 1, 2, ..., 𝑁).
The problem solution of the waveguide wave(︁

�⃗�+
𝑙 , �⃗�+

𝑙

)︁
scattering on the DR system will be

searched in the form of expansion on coupling modes
of the DR lattices (1):

�⃗� ≈ �⃗�+
𝑙 +

𝑁∑︀
𝑠=1

𝑎𝑠�⃗�𝑠; �⃗� ≈ �⃗�+
𝑙 +

𝑁∑︀
𝑠=1

𝑎𝑠ℎ⃗𝑠, (5)

where (�⃗�𝑠, ℎ⃗𝑠) is the field of the 𝑁 -DR systems (1),
corresponding to the eigenvalue 𝜆𝑠 (3).

By using perturbation theory, after the volume
integration of each partial resonator, the equation
system with the unknown coefficients 𝑎𝑠 has been
obtained in the form:

𝑁∑︀
𝑠=1

𝑎𝑠𝑏𝑠𝑡𝑄𝑠𝑡(𝜔) = −
(︁
𝑐𝑡

+

𝑙

)︁*

𝑃𝐷
𝑡

, (𝑡 = 1, 2, ..., 𝑁), (6)

where for different resonators, the functions 𝑄𝑠𝑡(𝜔)
are dependent on the partial DR and the coupled
oscillation numbers:

𝑄𝑠𝑡(𝜔) = 2𝑖
𝜔 − �̃�𝑠

𝜔0
𝑄𝐷

𝑡 +
𝜔

𝜔0
, (7)

𝑄𝐷
𝑡 = 𝜔0𝑤𝑡/𝑃

𝐷
𝑡 ; 𝑃𝐷

𝑡 = 𝜔0
𝜀′′𝑡
2

∫︀
𝑉𝑡

|�⃗�𝑡|2𝑑𝑣 — is the loss

power in the dielectric of 𝑡-th DR.
The transmission 𝑇 and the reflection coefficient 𝑅

of different DR system in the transmission line can be
obtained froms (5), s (1) in the form:

⎧⎪⎪⎨⎪⎪⎩
𝑇 = 𝑇0 +

𝑁∑︀
𝑢=1

(︂
𝑁∑︀
𝑠=1

𝑏𝑢𝑠 𝑐
+
𝑠

)︂
𝑎𝑢 = 𝑇0 − 1

𝐵(𝜔)

𝑁∑︀
𝑠=1

𝐵+
𝑠 (𝜔)

𝑅 = 𝑅0 +
𝑁∑︀

𝑢=1

(︂
𝑁∑︀
𝑠=1

𝑏𝑢𝑠 𝑐
−
𝑠

)︂
𝑎𝑢 = 𝑅0 − 1

𝐵(𝜔)

𝑁∑︀
𝑠=1

𝐵−
𝑠 (𝜔)

(8)

Here 𝑇0, 𝑅0 are the transmission and reflection
coefficients of the transmission line without DRs;

𝐵±
𝑠 (𝜔) =

= det

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑏11𝑄11(𝜔) ... 𝑄𝐷
1

𝑁∑︀
𝑢=1

𝑏𝑠𝑢𝑘
∓+
𝑢1 ... 𝑏𝑁1 𝑄𝑁1(𝜔)

𝑏12𝑄12(𝜔) ... 𝑄𝐷
2

𝑁∑︀
𝑢=1

𝑏𝑠𝑢𝑘
∓+
𝑢2 ... 𝑏𝑁2 𝑄𝑁2(𝜔)

. ... . ... .

𝑏1𝑁𝑄1𝑁 (𝜔) ... 𝑄𝐷
𝑁

𝑁∑︀
𝑢=1

𝑏𝑠𝑢𝑘
∓+
𝑢𝑁 ... 𝑏𝑁𝑁𝑄𝑁𝑁 (𝜔)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝐵(𝜔) = det

⎡⎢⎢⎣
𝑏11𝑄11(𝜔) ... 𝑏𝑁1 𝑄𝑁1(𝜔)
𝑏12𝑄12(𝜔) ... 𝑏𝑁2 𝑄𝑁2(𝜔)

. ... .
𝑏1𝑁𝑄1𝑁 (𝜔) ... 𝑏𝑁𝑁𝑄𝑁𝑁 (𝜔)

⎤⎥⎥⎦ , (9)

𝑘++
𝑠𝑛 = (𝑐+𝑠 𝑐

+*
𝑛 )/(𝜔0𝑤𝑛) = (𝑘𝑠𝑛)0𝑒

−𝑖Γ(𝑧𝑠−𝑧𝑛); 𝑘−+
𝑠𝑛 =

(𝑐−𝑠 𝑐
+*
𝑛 )/(𝜔0𝑤𝑛) = (𝑘𝑠𝑛)0𝑒

−𝑖Γ(𝑧𝑠+𝑧𝑛); (𝑘𝑠𝑛)0 — is the
coupling coefficients (4), for the propagating wave,
expressed without phase difference accounting in the
transmission line (𝑠, 𝑛 = 1, 2, ..., 𝑁).

3 Coupling coefficients of the di-

fferent DRs calculation

In order to determining the S-matrix parameters:
𝑆21 = 𝑆21(𝜔) = 20 lg |𝑇 (𝜔)|; 𝐺21 = 𝐺21(𝜔) =
arg[𝑇 (𝜔)]; 𝑆11 = 𝑆11(𝜔) = 20 lg |𝑅(𝜔)|; 𝐺11 =
𝐺11(𝜔) = arg[𝑅(𝜔)], we have to calculate coupling
coefficients of different DRs in the transmission li-
ne. Suppose we have two DRs of cylindrical shape
with radius 𝑟1 and 𝑟2, height of 𝐿1 and 𝐿2, respecti-
vely. Assume that each resonator is excited in the
fundamental magnetic oscillation 𝐻+

101 [10]. In this
case, the coupling coefficient is of the form:

𝑘12 =
64𝜋𝛽2𝑧

𝜐2
· 𝑟1
𝑟2

· 𝛽2

𝛽1
· (𝑘21 − 𝑘20)(𝑘22 − 𝑘20)

𝑘22𝑎𝑏
·

·

{︃ ∞∑︁
𝑠,𝑢=0

(︃
|Γ|𝜒2

𝑠𝑥

1 + 𝛿𝑢0
−

𝑘20𝜒
2
𝑢𝑦

|Γ|
)𝑒−ΓΔ𝑧 · 1

𝜒2(𝜒2
𝑢𝑦 − Γ2)

·

·
2∏︁

𝑡=1

sin𝜒𝑠𝑥𝑥𝑡 cos𝜒𝑢𝑦𝑦𝑡
(𝛽2

𝑡 − 𝜒2
𝑢𝑦 + Γ2)

·
[︁
𝛽𝑡𝐽0(𝑝𝑡⊥)𝐽1(𝑟𝑡

√︁
𝜒2
𝑢𝑦 − Γ2

)︃
−

−
√︁
𝜒2
𝑢𝑦 − Γ2𝐽1(𝑝𝑡⊥)𝐽0(𝑟𝑡

√︁
𝜒2
𝑢𝑦 − Γ2)

]︁ 1

𝛽2
𝑡𝑧 − 𝜒2

𝑠𝑥

·

·
[︂
𝛽𝑡𝑧 sin 𝑝𝑡𝑧 cos𝜒𝑠𝑥

𝐿𝑡

2
− 𝜒𝑠𝑥 cos 𝑝𝑡𝑧 sin𝜒𝑠𝑥

𝐿𝑡

2

]︂}︃
.

(10)
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In the case of coupling on propagating rectangular
waveguide wave 𝐻10:

𝑘12 =
32𝜋𝛽2𝑧

𝜐2
· 𝑟1
𝑟2

· 𝛽2

𝛽1
· (𝑘21 − 𝑘20)(𝑘22 − 𝑘20)

𝑘22𝑎𝑏
·

· 𝑒
−𝑖ΓΔ𝑧

Γ
·

2∏︁
𝑡=1

{︃
sin𝜒𝑠𝑥𝑥𝑡

(𝛽2
𝑡 − Γ2)

[︁
𝛽𝑡𝐽0(𝑝𝑡⊥)𝐽1(Γ𝑟𝑡)−

− Γ𝐽1(𝑝𝑡⊥)𝐽0(Γ𝑟𝑡)
]︁
· 1

𝛽2
𝑡𝑧 − 𝜒2

1𝑥

·

·
[︂
𝛽𝑡𝑧 sin 𝑝𝑡𝑧 cos𝜒𝑠𝑥

𝐿𝑡

2
− 𝜒𝑠𝑥 cos 𝑝𝑡𝑧 sin𝜒𝑠𝑥

𝐿𝑡

2

]︂}︃
,

(11)

where 𝜐2 = [𝐽2
1 (𝑝2⊥)−𝐽0(𝑝2⊥)𝐽2(𝑝2⊥)](2𝑝2𝑧+sin 2𝑝2𝑧);

𝑝𝑡⊥ = 𝛽𝑡𝑟𝑡; 𝑝𝑡𝑧 = 𝛽𝑡𝑧𝐿𝑡/2; 𝑘𝑡 = 𝜔
√
𝜀𝑡𝜇0; 𝜀𝑡 — is

the dielectric permittivity; 𝜇0 is the permeability and
(𝛽𝑡, 𝛽𝑡𝑧) are the wave numbers of the 𝑡-th DR [10];

𝜒𝑠𝑥 = 𝑠𝜋/𝑎; 𝜒𝑢𝑦 = 𝑢𝜋/𝑏; 𝜒 =
√︁
𝜒2
𝑠𝑥 + 𝜒2

𝑢𝑦; Γ — is

the longitudinal wave number; 𝑎 × 𝑏 — is the cross-
sectional dimensions of the waveguide; (𝑥𝑡, 𝑦𝑡, 𝑧𝑡) — are
rectangular coordinates of the 𝑡-th DR (𝑡 = 1, 2); here
∆𝑧 = |𝑧1 − 𝑧2|.

Fig. 1. Two different cylindrical (a) spherical (c) DRs
in the propagating metal rectangular waveguide (𝜀1𝑟 =
36;𝜀2𝑟 = 82). Dependence of mutual coupling coeffi-
cients versus the distance between the cylindrical (b)
or the spherical (d) DR centers (𝑥1 = 𝑥2 = 𝑎/2;
𝑦1 = 𝑦2 = 𝑏/2; 𝑎 = 58mm; 𝑏 = 25mm; 𝑓0 = 4GHz):

∆1 = 𝐿1/2𝑟1 = 0, 2; ∆2 = 𝐿2/2𝑟2 = 0, 8 (b).

Example of mutual coupling coefficients calculati-
ons for two different cylindrical DRs in the rectangular
waveguide, obtained on a basis of (10), (11), is showed
in fig. 1 a-b. As follows from (10), the difference
between the values of the coupling coefficients is mai-
nly due to the different value of stored energy in the
resonator material.

The use of different spherical DRs in some cases
allow to improve the filter parameters. We have
represented the coupling coefficients of different spheri-
cal DRs with magnetic oscillations 𝐻111 in the form:

𝑘12 = 𝛼𝐻
1 (𝑝1, 𝑞1; 𝑝2, 𝑞2)𝑇 1

1 , (12)

where

𝛼𝐻
1 (𝑝1, 𝑞1; 𝑝2, 𝑞2) =

𝑗1(𝑝1)

𝑦1(𝑞1)
· 𝑗1(𝑝2)

𝑞2𝑦1(𝑞2)
·

· 1{︀
[𝑝22 − 2)]𝑗21(𝑝2) + [𝑗1(𝑝2) − 𝑝2𝑗0(𝑝2)]

2}︀ ;

𝑇 1
1 =

24𝜋

𝑘20𝑎𝑏
·

{︃ ∞∑︁
𝑠,𝑢=(0)

[︁ |Γ|𝜒2
𝑠𝑥

𝑘0(1 + 𝛿𝑢0)
−

𝑘0𝜒
2
𝑢𝑦

|Γ|

]︁
·

· 𝑒−ΓΔ𝑧 · 1

𝜒2
·

2∏︁
𝑡=1

sin𝜒𝑠𝑥𝑥𝑡 cos𝜒𝑢𝑦𝑦𝑡

}︃
, (13)

(𝑥𝑡, 𝑦𝑡, 𝑧𝑡) — are rectangular coordinates of the 𝑡-
th spherical DR centers in the waveguide: ∆𝑧 =
|𝑧1 − 𝑧2|; 𝑗𝑛(𝑧); 𝑦𝑛(𝑧) are the spherical Bessel and the
Neumann functions, respectively [11]. The characteri-
stic parameters 𝑝𝑡 = 𝑘𝑡𝑟𝑡, 𝑞𝑡 = 𝑘0𝑟𝑡 can be obtained
from the equations for natural oscillations of the 𝑡-th
spherical DR [12]. Here 𝑟𝑡 — is the radius of the 𝑡-th
spherical DR.

For the coupling on propagating wave 𝐻10:

𝑘12 =
12

𝑘0𝑏

𝜒1𝑥Γ

𝑘20
𝛼𝐻
1 (𝑝1, 𝑞1; 𝑝2, 𝑞2)·

· 𝑒−𝑖ΓΔ𝑧 sin𝜒1𝑥𝑥1 sin𝜒1𝑥𝑥2. (14)

The mutual coupling coefficients, calculated for two
different spherical DRs in the rectangular waveguide,
obtained from (12) - (14), are showed in fig. 1 c-d. As
can be seen, the difference between the values of 𝑘12
and 𝑘21 in this case is small.

If two different spherical DRs located on the axis
of the cylindrical metal waveguide [12], the mutual
coupling coefficients becomes:

𝑘12 = 𝛼𝐻
1 (𝑝1, 𝑞1; 𝑝2, 𝑞2)𝐹 1

1 , (15)

where

𝐹 1
1 = 3

∞∑︁
𝑠=1

{︃
Γ𝐻

𝑘0

[︃
1 +

(︂
Γ𝐻

𝑘0

)︂2
]︃
·

· 𝑒−Γ𝐻Δ𝑧

(𝑗′21,𝑠 − 1)𝐽1(𝑗′1,𝑠)
2−

[1 + (Γ𝐸/𝑘0)
2
]

|Γ𝐸/𝑘0|
𝑒−Γ𝐸Δ𝑧

[𝑗1,𝑠𝐽 ′
1(𝑗1,𝑠)]

2

}︃
,

Γ𝐻,𝐸 — is the longitudinal wave number for the
magnetic, electrical cylindrical waveguide waves,
respectively; 𝑗𝑚,𝑠, (𝑗

′
𝑚,𝑠) is the 𝑠-th root of the Bessel

𝐽𝑚(𝑧) (derivative of the Bessel 𝐽 ′
𝑚(𝑧)) function [8].
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4 Bandstop Filters on different

DRs

DRs in regular transmission lines represent the
most interesting case from the point of view of the
theory, because in this case all the resonators at the
same time exchange fluctuations both propagating and
by not extending waves.

Fig. 2. The structure of different cylindrical DRs on
the symmetry axis of propagating rectangular metal
waveguide (a). Scattering parameters (b - e) of 5
cylindrical DRs with 𝜀1𝑟 = 36; 𝑄𝐷

1 = 2000; ∆1 =
𝐿1/2𝑟1 = 0, 4; and 6 cylindrical DRs with 𝜀2𝑟 = 82;

𝑄𝐷
2 = 1500; ∆2 = 𝐿2/2𝑟2 = 0, 8.

Fig. 2 shows scattering parameters of the bandstop
filter, consisting of 5 cylindrical DRs characterized by
the dielectric permittivity 𝜀1𝑟 = 36; 𝑄𝐷

1 = 2000 and
by the relative sizes ∆1 = 𝐿1/2𝑟1 = 0, 4 as well as 6
DRs with 𝜀2𝑟 = 82; 𝑄𝐷

2 = 1500; ∆2 = 𝐿2/2𝑟2 = 0, 8,
calculated by the formula (2),(7), (8), (9) with help of
the (10), (11). All resonators placed on the waveguide
axis. The distance between adjacent DR centers was
equal to 𝜆𝑤/4, where 𝜆𝑤 — is the guided wavelength.

The result of the scattering of the rectangular
waveguide waves 𝐻10 on the structure of 9 different
spherical DRs is shown in fig. 3 b - e. The coupling
coefficients of the DRs were calculated by the formulas
(12)-(15).

As can be seen, the use of different alternating DRs
in this case gives acceptable results for the frequency
distribution of scattering parameters.

Fig. 3. The structure of different spherical DRs on
the symmetry axis of propagating rectangular metal
waveguide (a). Scattering parameters (b-e) of 9 DRs
bandstop filter with 𝜀1𝑟 = 36; 𝑄𝐷

1 = 2000; 𝜀2𝑟 = 82;
𝑄𝐷

2 = 1000.

Fig. 4. Cylindrical DR on the symmetry axis of
evanescent rectangular metal waveguide segment (a).
Scattering parameters of the bandpass filter on 11 cyli-
ndrical DRs with 𝜀1𝑟 = 36; 𝑄𝐷

1 = 2000; 𝜀2𝑟 = 82;
𝑄𝐷

2 = 1500.
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5 Bandpass filters on different

DRs

The best results were obtained for the DR
structures, located in the evanescent waveguide
segment and forming bandpass filters. The filters
containing the DRs should have bands free of spurious
oscillations. A known solution to this problem is to use
different forms of DR.

Fig. 4. shows scattering parameters of the filter,
consisting of two lattices with different cylindrical DRs.
First lattice contains 4 DR with 𝜀1𝑟 = 36, ∆1 = 0, 8,
the second lattice consists of 7 DR with 𝜀2𝑟 = 81,
∆2 = 0, 4. The distance between the centers of adjacent
first type DRs was equal to 17mm; for the second type
DRs 21mm. All resonators placed on the waveguide
axis.

Fig. 5. Different spherical DRs in the evanescent
rectangular metal waveguide segment (a). Scattering
parameters of the bandpass filter on 11 cylindrical DRs
with 𝜀1𝑟 = 36; 𝑄𝐷

1 = 3000; 𝜀2𝑟 = 82; 𝑄𝐷
2 = 2000 (b,

c). Group delay (d) of the filter and comparative group
velocity (e) as a function of the frequency.

Application of spherical DR with different dielectric
permittivity allows us to increase the coupling coeffi-
cients of the outside resonators in different structures
of bandpass filters and thereby reduce the loss in the
pass band.

Fig. 5 shows 8 spherical DR bandpass filter scatteri-
ng parameters. Recent resonators of the filter made
of dielectric with 𝜀1𝑟 = 36; 𝑄𝐷

1 = 3000, the rest are
made of dielectric 𝜀2𝑟 = 81; 𝑄𝐷

2 = 2000. All resonators
form symmetrical structure. The distance between the
centers of first and second DR is 23,5mm, between

other DRs is 20mm. The cross section of the input
and output waveguides 𝑎 × 𝑏 = 58 × 25mm2; the
cross section of the evanescent waveguide 𝑎𝑧 × 𝑏𝑧 =
20 × 25mm2.

Fig. 6. Different spherical DRs in the evanescent
cylindrical metal waveguide segment (a). Scattering
parameters of the bandpass filter on 11 spherical DRs
with 𝜀1𝑟 = 36; 𝑄𝐷

1 = 3000; 𝜀2𝑟 = 82; 𝑄𝐷
2 = 2000 (b,

c). Group delay (d) and comparative group velocity (e)
as a function of the frequency.

Fig. 6 shows 11 spherical DR bandpass filter
arrangement in circular cylindrical metal waveguide.
The cross section of the input and output waveguides
𝑎×𝑏 = 7×3mm2, the radius of the evanescent wavegui-
de 𝑅𝑧 = 1, 5mm. We have calculated the dependence
of group delay 𝑡𝑔 = −𝑑/𝑑𝜔[𝐺21(𝜔)] and comparative
group velocity: 𝑣𝑔/𝑐 = |𝑧𝑁 − 𝑧1| /𝑐𝑡𝑔 (fig. 1, fig. 6 d,
e), where 𝑐 — is the velocity of light; |𝑧𝑁 − 𝑧1| — is the
longitudinal length of the filter. As can be seen from
Fig. 6 d, e, the results demonstrate a remarkable slowi-
ng of signal propagation, characteristic of the filters on
DRs.

Proposed enhancement of the electrodynamic
theory for the scattering electromagnetic waves on
different dielectric resonators greatly enhances desi-
gn of the filters and other devices. As shown from
calculations, the developed model correctly describes
the scattering processes in the system of different
DRs for a variety of transmission lines. The obtained
solutions makes it possible to calculate all scattering
parameters of the filters, made in various DR. Such
design has several advantages compared with identical
resonators for filters, in particular the filters have a
more clean stop band, and in the case of spherical
cavities, produce better scattering characteristics due
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to the wider coupling bands variations. The frequency
dependence of the scattering S-matrix can be further
improved even more after a fine optimization of the
filter parameters.

Conclusion

A scattering theory on different dielectric resonator
systems, based on perturbation theory, has been
expanded.

Given new definitions of coupling coefficients for the
different dielectric resonators in the transmission line.

New analytical relationships for the coupling coeffi-
cients of different spherical and cylindrical dielectric
resonators has been obtained.

A new design of the bandstop and bandpass filters
on different DRs are proposed.
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[4] Popović M. A., Manolatou C. and Watts M. R. (2006)
Coupling-induced resonance frequency shifts in coupled di-
electric multi-cavity filters. Optics express, Vol. 14, No 3,
pp. 1208-1222. DOI: 10.1364/oe.14.001208

[5] Du B., Wang J., Xu Z., Xia S., Wang J. and Qu
S. (2014) Band split in multiband all-dielectric left-
handed metamaterials. Journal of Applied Physics, No 115,
pp. 234104-1 - 234104-8. DOI: 10.1063/1.4883962

[6] Malhat H.A., Eltresy N.A., Zainud-Deen S.H. and
Avadalla K.H. (2015) Nano-Dielectric Resonator Antenna
Reflectarray/Transmittarray for Terahertz Applications.
Advanced electromagnetics, Vol. 4, No. 1, pp. 36-44. DOI:
10.7716/aem.v4i1.304

[7] Savelev R.S., Filonov D.S., Petrov M.I., Krasnok A.E.,
Belov P.A. and Kivshar Y.S. (2015) Resonant transmi-
ssion of light in chains of high-index dielectric particles.
Physical Review , B 92, pp. 155415-1 – 155415-4. DOI:
10.1103/physrevb.92.155415

[8] Wang H., Liu S., Chen L., Shen D. and Wu X. (2016) Dual-
wevelenghth single-frequency laser emission in asymmetric
coupled microdisks, Scientific Reports, pp. 1-7. DOI:
10.1038/srep38053

[9] Trubin A.A. (1997) Scattering of electromagnetic waves
on the Systems of Coupling Dielectric Resonators. Radio
electronics, No 2. pp. 35–42.

[10] Ilchenko M.E. and Trubin A.A. (2004) Electrodynamics’ of
Dielectric Resonators, Kiev, Naukova Dumka, 265 p.

[11] Abramowitz M. and Stegun I. (1964) Handbook of

mathematical functions with Formulas, Graphs and

Mathematical Tables Applied Mathematics Series No. 55 .
National bureau of standards.

[12] Trubin A.A. (1990) Dielectric sphere in Circular Wavegui-
de. Vestnik Kievskogo Politekhnicheskogo Instituta. Radi-

otekhnika, Iss. 27, pp. 31–34.

Розсiювання електромагнiтних хвиль
на рiзних дiелектричних резонаторах
мiкрохвильових фiльтрiв

Трубiн О. О.

Розширена теорiя розсiювання електромагнiтних

хвиль лiнiї передачи на системах зв’язаних дiелектри-

чних резонаторiв рiзної форми та дiелектричної про-

никностi. Дано нове визначення коефiцiєнтiв зв’язку

рiзних дiелектричних резонаторiв. Отриманi аналiтичнi

вирази для коефiцiєнтiв взаємного зв’язку дiелектри-

чних резонаторiв цилiндричної та сферичної форми,

виконаних iз рiзних матерiалiв. Розглянутi основнi зако-

номiрностi змiни зв’язку при варiацiї параметрiв стру-

ктури. Приведенi результати розрахункiв коефiцiєнтiв

передачи та вiдбиття смугових та режекторних фiль-

трiв, побудованих на рiзних дiелектричних резонаторах

в прямокутному та круглому хвилеводах. Встановле-

но найбiльш оптимальнi конфiгурацiї, якi дозволяють

досягати найкращих характеристик розсiювання.

Ключовi слова: дiелектричний резонатор; коефiцi-

єнт зв’язку; S-матрица; режекторний фiльтр; смуговий

фiльтр

Рассеяние электромагнитных волн на
разных диэлектрических резонаторах
микроволновых фильтров

Трубин А. А.

Расширена теория рассеяния электромагнитных

волн линии передачи на системах связанных диэлектри-

ческих резонаторов разной формы и диэлектрической

проницаемости. Дано новое определение коэффициен-

тов связи различных диэлектрических резонаторов. По-

лучены аналитические выражения для коэффициентов

связи диэлектрических резонаторов цилиндрической и

сферической формы, выполненных из различных мате-

риалов. Рассмотрены основные закономерности измене-

ния связи при вариации параметров структуры. При-

ведены результаты расчета коэффициентов передачи и

отражения полосовых и режекторных фильтров, по-

строенных на различных диэлектрических резонаторах

в прямоугольном и круглом волноводах. Установлены

наиболее оптимальные конфигурации, позволяющие до-

стигать наилучших характеристик рассеяния.

Ключевые слова: диэлектрический резонатор; коэф-

фициент связи; S-матрица; режекторный фильтр; поло-

совой фильтр
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