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The work is devoted to the estimate accuracy comparative analysis of the experimental data parameters with
exponential power distribution (EPD) using the classical Maximum Likelihood Estimation (MLE) and the
original Polynomial Maximization Method (PMM). In contrast to the parametric approach of MLE, which
uses the description in the form of probability density distribution, PMM is based on a partial description in
the of higher-order statistics form and the mathematical apparatus of Kunchenko’s stochastic polynomials.
An algorithm for finding PMM estimates using 3rd order stochastic polynomials is presented. Analytical
expressions allowing to determine the variance of PMM-estimates of the asymptotic case parameters and
EPD parameters with a priori information are obtained. It is shown that the relative theoretical estimates
accuracy of different methods significantly depends on the EPD shape parameter and matches only for
a separate case of Gaussian distribution. The effectiveness of different approaches (including valuation of
mean values estimates) both with and without a priori information on EPD properties was investigated by
repeated statistical tests (through Monte Carlo Method). The greatest efficiency areas for each of methods
depending on EPD shape parameter and sample data volume are constructed.
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Intro

Current information and measurement technologies
trends are focused on the use and software systems
development that will provide a solution to the problem
of statistical processing the experimental results in
any form of recorded measurements and necessarily
includes modern statistical analysis methods. They
may solve a wide range of measurement problems,
but also should be used properly when applied for
researching, like in case of using a model that includes
the additive interaction of the measured parameter and
random error [1].

It is well known that random measuring
instruments errors comply with the normal (Gaussian)
law seldom [2]. Moreover, the basis of measuring
instruments and systems are different physical prin-
ciples, different measurement methods and different
measuring signals transformations. And in fact,
measurement errors are the result of many factors
that influence, both random and non-random, acting
constantly or periodically. Therefore, it is clear that

only if certain preconditions (theoretical and technical)
have place – measurement errors are enough described
by the normal distribution law [3].

EPD is offered as an alternative to the Gaussi-
an distribution law assumption for measurement error
probability while the model of exponential power di-
stribution is applied [4]. And since the distribution of
experimental data is usually symmetric according to
its center, the exponential power distribution can be
claimed as a model of error measurement distribution
law.

A typical view of the EPD model is described by a
species function:

w(𝑥) =
1

2𝜎𝑝1/𝑝 Γ (1 + 1/𝑝 )
exp

(︂
−|𝑥|𝑝

𝑝𝜎𝑝

)︂
, (1)

where 𝜎 – scale parameter, 𝑝 – shape parameter.
The EPD usage is substantiated as a model for error

measurement probability distribution [5,6], to describe
the probabilistic characteristics of random noise whi-
le video and audio signals processing [7], biomedical
research statistics [8], risk management [9], etc. The
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great advantage of this model is that it can describe
random variables that have both positive (flat-peak
distributions) and negative (acute-peak distributions)
kurtosis coefficient [6, 10]. And such models are in
demand in many fields of science and technology. In
addition, EPD model modifications for asymmetri-
cally distributed random variables have already been
developed [11–14].

1 Purpose of research

As a detailed analysis of works [1, 2, 15, 16] shows,
due to the simplicity of their calculation simple stati-
stical characteristics are used for getting the center
coordinate of symmetrically distributed experimental
data estimates. Incidentally, with certain predetermi-
ned requirements for the accuracy of obtaining esti-
mates, such simple estimates may not be sufficiently
accurate. Turning to the description of random vari-
ables using the probability density distribution, we
actually have at present the use of the most accurate
method for obtaining estimates – the method of maxi-
mum likelihood. But this approach produces problems
associated with nonlinearity of processing [9, 11, 12].
The most complicated thing here is related to the
practical application of numerical methods to solve
nonlinear equations [13,14,17].

Thus, the researcher is often faced with the task
of choosing either a simpler method, which may not
satisfy the accuracy, or cumbersome calculations that
require the implementation of complex computational
procedures.

To solve this dilemma this paper proposes to apply
an original approach to statistical parameter estimati-
on, which is based on the polynomial maximization
method (PMM) by describing random variables in the
form of a finite moments or cumulants number [18].

In [19] was developed an algorithm for finding esti-
mates for multiple measurements results on random
errors background that are described by the EPD
model; besides comparative analysis of the PMM
estimates accuracy with estimates based on three
nonparametric statistics: median, mean, mid-range.
The purpose of this study is a comparative analysis
of PMM estimates accuracy and parametric maximum
likelihood estimates (MLE).

The analysis procedure involves obtaining both:
theoretical expressionsfor parameters estimates vari-
ance ratio and the comparison of estimates variances
empirical values using statistical modeling by the
Monte Carlo method.

2 Mathematical problem

statement

Supposing 𝜃 – is informative parameter, the value
of which must be estimated on basis of set of values

�⃗� = {𝑥1, 𝑥2, . . . , 𝑥𝑛} analysis. This vector contains
independent and equally distributed sample values of
the measurement model 𝑥 = 𝜃 + 𝜉, where 𝜉 – random
error, which is adequately described by the exponential
power distribution of the form (1).

It is necessary to determine the accuracy
(parameter estimates variance) of different estimation
methods, as well as to assess the relative accuracy
impact of the sample size and whether there is a priori
information about the EPD model parameters.

3 Finding estimates using the

polynomial maximization

method

As shown in [19–22], the application of the
polynomial maximization method is based on finding
the functional extremum in the form of a stochastic
functional polynomial of a certain 𝑟 order. When using
basic power transformations to form such a polynomi-
al, a description in the form of a finite sequence of
moments or cumulants up to the 2𝑟 order must be
used. This polynomial is formed in a way that provides
an extremum (maximum) in the true value vicinity of
various evaluated parameter 𝜃. Thus, finding the desi-
red parameter estimates is reduced to finding the root
of the function 𝑙𝑟𝑛 (𝜃), that is formed as a derivative
of the corresponding parameter and depends on the
sample values of �⃗� = {𝑥1, 𝑥2, . . . , 𝑥𝑛}:

𝑙𝑟𝑛 (𝜃) =

𝑟∑︁
𝑖=1

ℎ𝑖 (𝜃)

[︃
1

𝑛

𝑛∑︁
𝑣=1

𝑥𝑖
𝑣 − 𝛼𝑖 (𝜃)

]︃ ⃒⃒⃒⃒
⃒
𝜃=𝜃

= 0, (2)

where 𝛼𝑖 (𝜃) = 𝐸
{︀
𝑥𝑖
}︀
– mean values which are the

initial points depending on the estimated parameter.

In fact, the function 𝑙𝑟𝑛 (𝜃) is also the sum of
differences 𝑟 of theoretical and sample moments, consi-
dered by certain coefficients ℎ𝑖 (𝜃). These coefficients
can be found as the solution of a linear algebraic set
of equations shown below. This set is based on the
minimum variance ensuring criterion of the desired
parameter 𝜃 estimates when the 𝑟 degree of polynomial
is used:

𝑟∑︁
𝑖=1

ℎ𝑖 (𝜃) 𝐹𝑖,𝑗 (𝜃) =
𝑑

𝑑𝜃
𝛼𝑗 (𝜃) , 𝑗 =

−→
1, 𝑟, (3)

where the centered correlants 𝐹𝑖,𝑗 (𝜃) = 𝛼𝑖+𝑗 (𝜃) −
𝛼𝑖 (𝜃)𝛼𝑗 (𝜃); 𝑖, 𝑗 =

−→
1, 𝑟.

In [19] it was shown that finding the 𝜃 parameter
estimates using a symmetric error distribution model
requires polynomial degree 𝑟 = 3 to be the least as
possible.

The correlations for the first 6 initial moments
required for the formation of the set of equations (3)
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have the form:

𝛼1 = 𝜃, 𝛼2 = 𝜃2 + 𝜇2, 𝛼3 = 𝜃3 + 3𝜃𝜇2,

𝛼4 = 𝜃4 + 6𝜃2𝜇2 + 3𝜇2
2 + 𝜇4,

𝛼5 = 𝜃5 + 10𝜃3𝜇2 + 15𝜃𝜇2
2 + 5𝜃𝜇4,

𝛼6 = 𝜃6 + 15𝜃4𝜇2 + 45𝜃2𝜇2
2 + 15𝜇3

2 + 15𝜃2𝜇4+

+ 15𝜇2𝜇4 + 𝜇6,

(4)

where 𝜇𝑖 – the central moments of the distribution (1),
depending only on the parameters of scale 𝜎 and shape
𝑝 [17]:

𝜇𝑖 = Γ

(︂
𝑖 + 1

𝑝

)︂
Γ

(︂
1

𝑝

)︂ 𝑖−2
2

Γ

(︂
3

𝑝

)︂− 𝑖
2

𝜎𝑖. (5)

To find the optimal coefficients that minimize the
variance of PMM estimates, expressions for derivatives
from the first 3 moments should be calculated:

𝜕

𝜕𝜃
𝛼1 = 1,

𝜕

𝜕𝜃
𝛼2 = 2𝜃 + 𝜇2,

𝜕

𝜕𝜃
𝛼3 = 3𝜃2 + 3𝜇2.

(6)

Via analytical solution of the set of equations (3)
by the Cramer method (taking into account expressions
(4) and (6)), the optimal coefficients expressions for the
power stochastic polynomial are obtained:

ℎ1 = −
Γ(3𝑝−1)

(︁
9𝜃2Γ(3𝑝−1)

3 − 3(𝜃2 + 𝜎2)Γ(𝑝−1)Γ(3𝑝−1)Γ(5𝑝−1) + 𝜎2Γ(𝑝−1)
2
Γ(7𝑝−1)

)︁
𝜇2
2Γ(𝑝−1)

2
(︁

Γ(5𝑝−1)
2 − Γ(3𝑝−1)Γ(7𝑝−1)

)︁ ,

ℎ2 = −
3𝜃Γ(3𝑝−1)

2
(︁
−3Γ(3𝑝−1)

2
+ Γ(𝑝−1)Γ(5𝑝−1)

)︁
𝜇2
2Γ(𝑝−1)

2
(︁

Γ(5𝑝−1)
2 − Γ(3𝑝−1)Γ(7𝑝−1)

)︁ ,

ℎ3 =
Γ(3𝑝−1)

2
(︁
−3Γ(3𝑝−1)

2
+ Γ(𝑝−1)Γ(5𝑝−1)

)︁
𝜇2
2Γ(𝑝−1)

2
(︁

Γ(5𝑝−1)
2 − Γ(3𝑝−1)Γ(7𝑝−1)

)︁ .

(7)

The equation of polynomial degree 𝑟 = 3 maxi-
mization for finding PMM estimates 𝜃 for the case
of symmetrically distributed experimental data can be
represented as:

ℎ1

𝑛∑︁
𝑣=1

(𝑥𝑣 − 𝜃) + ℎ2

𝑛∑︁
𝑣=1

[︀
𝑥2
𝑣 −

(︀
𝜃2 + 𝜇2

)︀]︀
+

+ ℎ3

𝑛∑︁
𝑣=1

[︀
𝑥3
𝑣 −

(︀
𝜃3 + 3𝜃𝜇2

)︀]︀ ⃒⃒⃒⃒⃒
𝜃=𝜃

= 0. (8)

Substituting the values of the found optimal coeffi-
cients (7) in equation (8), we obtain directly the
expression for estimating the desired parameter of the
distribution center 𝜃 [19].

4 Polynomial maximization

method estimates accuracy

It is known that the main statistical estimation
methods accuracy criterion is the variance value of
the resulting parameter estimates. One of the ways
to obtain analytical expressions describing the method
of maximum likelihood estimates variance is to use
the apparatus of quantitative information according to
Fisher

𝐼𝜃 = −𝐸

[︂
𝜕2 ln[𝑙(𝜃, 𝜎, 𝑝)]

𝜕𝜃2

]︂
, (9)

where 𝑙(𝜃, 𝜎, 𝑝) – logarithm of the likelihood function,
𝜃 – desired parameter of the distribution center, 𝜎 –
scale parameter , 𝑝 – shape parameter.

When using a probabilistic model of the form (1), as
shown in [17], the logarithm of the likelihood function
is described by the function:

𝑙(𝜃, 𝜎, 𝑝) = ln𝐿(𝜃, 𝜎, 𝑝) =

= −𝑛 ln
[︁
2𝜎𝑝1/𝑝Γ(1 + 1/𝑝)

]︁−𝑛

−

𝑛∑︀
𝑖=1

|𝑥𝑖 − 𝜃|

𝑝𝜎𝑝
. (10)

The variance estimates for the asymptotic case
(at𝑛 → ∞) can be found as the inverse of the Fisher
information. Thus, using (9) and (10) allows to obtain
an analytical expression:

var
𝑛→∞

(̂︀𝜃) = 𝜎2
(𝜃)𝑀𝐿𝐸 =

Γ(1 + 1/𝑝)
2

Γ(2 − 1/𝑝) · Γ(3/𝑝)

𝜎2

𝑛
. (11)

In [18] it was shown that for the polynomial maxi-
mization method a certain analogue of the amount of
Fisher information is the so-called amount of obtai-
ned information about the parameter estimated using
the stochastic polynomial degree 𝑟, which is generally
described by the expression:

𝐽𝑟𝑛(𝜃) = 𝐸

[︂
𝑑

𝑑𝜃
𝑙𝑟𝑛 (𝜃)

]︂2
= −𝐸

𝑑2

𝑑𝜃2
𝑙𝑟𝑛 (𝜃) . (12)

In addition, it is proved that in the asymptotic case
(at 𝑟 → ∞) the amount of extracted information goes
to the amount of Fisher information.

After certain basic power transformations, the
expression for the amount of information obtained
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about the parameter 𝜃 can be represented as:

𝐽𝑟𝑛(𝜃) = −𝐸
𝑑2

𝑑𝜃2
𝑙𝑟𝑛 (𝜃) =

= 𝑛

𝑟∑︁
𝑖=1

𝑟∑︁
𝑗=1

ℎ𝑖(𝜃)ℎ𝑗(𝜃)𝐹𝑖,𝑗(𝜃) = 𝑛

𝑟∑︁
𝑖=1

ℎ𝑖(𝜃)
𝑑

𝑑𝜃
𝛼𝑖(𝜃).

(13)

This quantitative characteristic has statistical
properties similar to Fisher’s information. That is,
in the asymptotic case (at 𝑛 → ∞) the variance of
PMM-estimates is defined as the inverse of the amount
obtained at the 𝑟 degree of information, i.e.:

𝜎2
(𝜃)𝑟 = lim

𝑛→∞
𝐽−1
𝑟𝑛(𝜃) . (14)

For a comparative analysis of the estimates relati-
ve accuracy, let us use the concept of the variance
coefficient [19–22]:

𝑔(𝜃) 𝑟 =
𝜎2
(𝜃)𝑃𝑀𝑀

𝜎2
(𝜃)𝑀𝐿𝐸

. (15)

The obtained coefficient is the ratio of the PMM
parameter estimates variance 𝜃 when the polynomi-
al 𝑟-th degree is used and the variance of the PMM
estimates.

Using form (13), it is easy to determine an analyti-
cal expression for the amount of information obtained
through the EPD shape parameter 𝑝

𝐽 = −
𝑛Γ

[︀
3𝑝−1

]︀ (︁
9Γ

[︀
3𝑝−1

]︀3 − 6Γ
[︀
𝑝−1

]︀
Γ
[︀
3𝑝−1

]︀
Γ
[︀
5𝑝−1

]︀
+ Γ

[︀
𝑝−1

]︀2
Γ
[︀
7𝑝−1

]︀)︁
𝜎2Γ[𝑝−1]

2
(︁

Γ[5𝑝−1]
2 − Γ [3𝑝−1] Γ [7𝑝−1]

)︁ . (16)

Thus, for the asymptotic case (at 𝑛 → ∞) expression (16) allows to theoretically determine the PMM
estimates variance at the 𝑟 = 3 polynomial degree:

𝜎2
𝑃𝑀𝑀 = −

𝜎2Γ
[︀
𝑝−1

]︀2 (︁
Γ
[︀
5𝑝−1

]︀2 − Γ
[︀
3𝑝−1

]︀
Γ
[︀
7𝑝−1

]︀)︁
𝑛Γ [3𝑝−1]

(︁
9Γ[3𝑝−1]

3 − 6Γ [𝑝−1] Γ [3𝑝−1] Γ [5𝑝−1] + Γ[𝑝−1]
2
Γ [7𝑝−1]

)︁ . (17)

It is also known [3] that the parameter estimates
variance in the form of the arithmetic meandepends
only on the random component variance and the
sample values volume:

𝜎2
𝑀𝑀 =

𝜎2

𝑛
. (18)

Using expressions (11) and (18), it isn’t hard to
obtain the variance reduction coefficient of the PMM-
estimates compared to the arithmetic mean estimates:

𝑔𝑀𝐿𝐸
𝑀𝑀

=
Γ
[︀
1 + 𝑝−1

]︀2
Γ [2 − 𝑝−1] Γ [3𝑝−1]

. (19)

Using expressions (17–19), graphs can be presented
(see Fig. 1) showing the dependence of the MLE
relative accuracy and PMM estimates comparedwith
the arithmetic mean estimates of the EPD shape
parameter.

Fig. 1. Dependency of variance reduction coeffici-
ents 𝑔𝑃𝑀𝑀/𝑀𝑀 and 𝑔𝑀𝐿𝐸/𝑀𝑀 with EPD shape

parameter 𝑝.

Using expressions (17) and (19) it is also easy to
obtain a function (the graph of which is presented in
Fig. 2), which makes it possible to directly compare the
accuracy (magnitude of asymptotic variances) of MLE
and PMM-estimates:

𝑔 𝑀𝐿𝐸
𝑃𝑀𝑀

= −
Γ
[︀
1 + 𝑝−1

]︀2 (︁
9Γ

[︀
3𝑝−1

]︀3 − 6Γ
[︀
𝑝−1

]︀
Γ
[︀
3𝑝−1

]︀
Γ
[︀
5𝑝−1

]︀
+ Γ

[︀
𝑝−1

]︀2
Γ
[︀
7𝑝−1

]︀)︁
Γ [2 − 𝑝−1] Γ[𝑝−1]

2
(︁

Γ[5𝑝−1]
2 − Γ [3𝑝−1] Γ [7𝑝−1]

)︁ . (20)

Obviously, the magnitude of different methods relative efficiency depends solely on the EPD shape
parameter 𝑝.
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Fig. 2. Dependency of variance reduction coefficient
𝑔𝑀𝐿𝐸/𝑃𝑀𝑀 with EPD shape parameter 𝑝.

Analyzing the dependencies shown in Fig. 1 and
Fig. 2, it should be noted that for a sufficiently wide
range of shape parameter values 𝑝 ∈ (2; 5) the theoreti-
cal efficiency of MLE and PMM estimates actually
matches. For sharp-topped distributions at 𝑝 < 2
the MLE efficiency can be essentially higher. Also
at increase 𝑝 > 5, i.e. at essentially flat-topped (in
asymptotics uniform) distribution the related efficiency
of PMM-estimations increases too.

At the end of this analysis it is necessary to
emphasize once again that it was obtained the theoreti-
cal expressions of estimates variances ratio (19–20)
and built on Fig. 1 and Fig. 2 corresponding graphs
depending on the presence of a priori information
about the probabilities of measurement errors, i.e. EPD
parameter valuestype (1).

5 Statistical modeling

To experimentally verify the obtained theoretical
results of the different evaluation methods effectiveness
analysis, statistical modeling by the Monte Carlo
Method was implemented. For the statistical modeling
implementation programming language R is used. This
choice was made due its free distribution, as well as the
presence of a large number of libraries focused on the
tasks of statistical data analysis. Among them is the
software module normalp package, which contains a

set of functions for the generating statistical evaluation
by maximum likelihood method and visualization of
random EPD variables [17].

Empirical values of the coefficients of the parameter
estimates variance were used as quantitative criteria
characterizing the different methods efficiency:

𝑔(𝜃)3 =
�̂�2
(𝜃)𝑃𝑀𝑀3

�̂�2
(𝜃)𝑀𝐸𝐴𝑁

, 𝑞(𝜃) 3 =
�̂�2
(𝜃)𝑀𝐿𝐸

�̂�2
(𝜃)𝑀𝐸𝐴𝑁

,

𝑟(𝜃) 3 =
�̂�2
(𝜃)𝑃𝑀𝑀 3

�̂�2
(𝜃)𝑀𝐿𝐸

,

(21)

where �̂�2
(𝜃)𝑀𝐸𝐴𝑁 , �̂�2

(𝜃)𝑀𝐿𝐸 , �̂�2
(𝜃)𝑃𝑀𝑀 3 – based on

𝑚 experiments obtained using the arithmetic mean,
MLE and PMM (at 𝑟 = 3) estimates variance value,
respectively.

The experiment was carried out depending on
presence or absence of a priori information about
measurement errors probability. For the second case,
instead of a priori information posteriori model
parameters estimates values (1) (required for the maxi-
mum likelihood method) and estimates of central
moments of 2,4 and 6-th degrees (required for the
polynomial maximization method) were used. It is
obvious that the reliability of the simulation results was
also significantly influenced by the amount of sample
data 𝑛 and the number of experiments 𝑚.

The set of results of statistical modeling for dif-
ferent values of the EPD shape parameter (𝑝 = 1÷ 10)
and the sample values volumes (𝑛 = 20 ÷ 200), obtai-
ned by repeated 𝑚 = 104 experiments are presented
in Tab. 1 (with presence of a priori information) and
Tab. 2 (with absence of a priori information).

The theoretical and experimental values analysis
of the estimates variance coefficients ratio shows
that there is a certain correlation between analytical
calculations and results obtained by statistical model-
ing. The emergence of the difference (as noted earlier)
is due to the fact that the expressions describing the
variances of the MLE and PMM-estimates obtained for
the asymptotic case (at 𝑛 → ∞). Tab. 1 data confirms
that with increasing sample size, the difference between
theoretical and experimental data decreases.

Tab. 1 Estimates variance coefficients with presence of a priori information

𝑝

Statistical modeling results

𝑔𝑎(𝜃)3
𝑔(𝜃)3

𝑞𝑎(𝜃)3
𝑞(𝜃)3

𝑟𝑎(𝜃) 3
𝑟(𝜃)3𝑛 𝑛 𝑛

20 50 100 200 20 50 100 200 20 50 100 200

10 0.89 0.42 0.41 0.41 0.4 0.45 0.35 0.32 0.32 0.31 2 1.2 1.26 1.27 1.28

5 0.69 0.64 0.61 0.62 0.61 0.68 0.64 0.62 0.62 0.61 1.01 1 1 1 1.02

3 0.9 0.9 0.89 0.89 0.89 0.9 0.9 0.89 0.89 0.88 1 1 1 1 1.01

2 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1 0.98 0.86 0.86 0.86 0.85 0.66 0.61 0.57 0.56 0.5 1.49 1.43 1.5 1.53 1.71



Сomparative Analysis of Polynomial Maximization and Maximum Likelihood Estimates for Data with Exponential . . . 49

Tab. 2 Estimates variance coefficients with absence of a priori information

𝑝

Statistical modeling results

𝑔(𝜃)3
𝑔(𝜃)3

𝑞(𝜃)3
𝑞(𝜃)3

𝑟(𝜃) 3
𝑟(𝜃)3𝑛 𝑛 𝑛

20 50 100 200 20 50 100 200 20 50 100 200

10 0.65 0.50 0.44 0.42 0.4 0.91 0.57 0.49 0.48 0.31 0.71 0.88 0.91 0.88 1.28

5 0.82 0.71 0.67 0.63 0.61 1.09 0.85 0.80 0.74 0.61 0.74 0.88 0.83 0.86 1.02

3 1.02 0.97 0.93 0.91 0.89 1.26 1.11 0.99 0.94 0.88 0.81 0.87 0.93 0.97 1.01

2 1.13 1,07 1.05 1.02 1 1.23 1,14 1.07 1.03 1 0.91 0.93 0.98 0.97 1

1 0.96 0,83 0.80 0.83 0.85 0.77 0,63 0.58 1.03 0.5 1.24 1.32 1.34 0.99 1.71

The experimental results also confirm the previ-
ously stated thesis that the accuracy of obtaining MLE
and PMM estimates is significantly affected by the
factor of presence / absence of a priori information
on the error model properties (exponential distribution
parameters for MLE and even central moments up to 6-
th degree for PMM). Tab. 2 data reflects the important
fact that in the absence of a priori information on
EPD properties for flat-top distributions (𝑝 > 2) the
efficiency of PMM estimates is mostly higher than the
MLE estimates. This can be explained by the fact that
upon these conditions the influence of the uncertainty
of the EPD shape parameter value on the MLE is more
significant than the influence of the uncertainty of the
central moments of the PMM. The relative decrease in
the variance of the MLE estimates (compared to the
PMM) depends on both the shape parameter and the
sample values volume. And it is especially significant
(up to 30%) with least samples and significant flatness.

Such results are especially important from a practi-
cal point of view, because the vast majority of
real situations lacks a priori information about the
true values ofrandom component model parameters
(measurement errors). Therefore, for such a situation
Fig. 3 shows the boundaries delimiting the areas of
greatest efficiency (based on the minimum variance
criterion) on different estimation methods background:
arithmetic mean, MLE and PMM. These areas were
also obtained by statistical modeling via Monte Carlo
method (for 𝑚 = 104 experiments) at different values
of EPD shape parameter 𝑝 and sample size 𝑛.

Based on the totality of the above results the
following conclusions can be drawn:

- in case of the normal (Gaussian) errors distributi-
on, the most effective (both in terms of accuracy and
ease of implementation) is the use of arithmetic mean
estimates;

- for sharp-topped distributions, the maximum li-
kelihood method is generally more effective, the appli-
cation of which requires large amount of sample data
(the boundary separating the efficiency areas depends
significantly on the sample values volume and is
parabolic);

- for flat-topped distributions, the polynomial maxi-
mization method is more effective (the boundary

separating the areas, although to a lesser extent, also
depends on the sample values volume).

Fig. 3. Efficiency areas of methods for finding the center
coordinates of the symmetric exponential distributions

family

Conclusion

The obtained results are the second part that
completes the research initiated in [19] on the validity
of applying the polynomial maximization method for
finding the experimental data parameters estimates
with exponential power distribution.

The set of obtained results allows to position
the proposed approach as a compromise in terms of
the balance between simple estimates (mean, median
and mid-range) and potentially more accurate esti-
mates of maximum likelihood, the use of which requi-
res additional a priori information. In this context,
the advantages of using the polynomial maximization
method are:

- providing additional opportunities (compared
to simple non-parametric methods) to increase the
informative parameter estimates accuracy by taking
into account the measurement errors properties (a
posteriori values of the central moments);

- reducing the impact (compared to the parametric
maximum likelihood method) of the lack of a priori
information on the results of the informative parameter
estimates accuracy.
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The obtained efficiency areas of different methods
allow us to recommend their choice depending on the
probabilistic error model properties (the value of the
EPD shape parameter) and the experimental data
sample values amount.
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Порiвняльний аналiз оцiнок методiв
максимiзацiї полiному та максималь-
ної правдоподiбностi для даних з екс-
поненцiйним степеневим розподiлом

Заболотнiй С. В., Чепинога А. В., Чорнiй А. М.,

Гончаров А. В.

Робота присвячена порiвняльному аналiзу точностi
оцiнок параметрiв експериментальних даних iз експо-
ненцiальним степеневим розподiлом (ЕСР), що знаходя-
ться iз застосуванням класичного методу максимальної
правдоподiбностi (ММП) i оригiнального методу макси-
мiзацiї полiномiв (ММПл). На вiдмiну вiд параметри-
чного пiдходу ММП, що використовує опис у виглядi
щiльностi розподiлу ймовiрностей, ММПл базується на
частковому описi у виглядi статистик вищих порядкiв
i математичному апаратi стохастичних полiномiв Кун-
ченка.

Наведено алгоритм для знаходження ММПл-оцiнок
iз застосуванням стохастичних полiномiв 3-го порядку.
Отриманi аналiтичнi вирази, що дозволяють визнача-
ти дисперсiю ММПл-оцiнок параметрiв для асимптоти-
чного випадку та при наявностi апрiорної iнформацiї
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про параметри ЕСР. Показано, що вiдносна теоретична
точнiсть оцiнок рiзних методiв суттєво залежить вiд
параметра форми ЕСР i спiвпадає лише для окремого
випадку гаусового розподiлу.

Шляхом багаторазових статистичних випробувань
(методом Монте-Карло) дослiджено ефективнiсть (за
критерiєм величини дисперсiй оцiнок) рiзних пiдходiв
(у тому числi оцiнок середнього значення) при наявностi
та вiдсутностi апрiорної iнформацiї щодо властивостей
ЕСР. Побудовано областi найбiльшої ефективностi для
кожного iз методiв в залежностi вiд параметра форми
ЕСР i обсягу вибiркових даних.

Ключовi слова: експоненцiйний степеневий розпо-
дiл; стохастичнi полiноми; статистики вищих порядкiв;
оцiнка параметра

Сравнительный анализ оценок мето-
дов максимизации полинома и макси-
мального правдоподобия для данных с
экспоненциальным степенным распре-
делением

Заболотний С. В., Чепинога А. В., Чорний А. М.,

Гончаров А. В.

Работа посвящена сравнительному анализу точно-
сти оценок параметров экспериментальных данных с
экспоненциальным степенным распределением (ЭСР),

которые находятся с применением классического метода
максимального правдоподобия (ММП) и оригинального
метода максимизации полинома (ММПл). В отличие от
параметрического подхода ММП, который использует
описание в виде плотности распределения вероятностей,
ММПл базируется на частичном описании в виде ста-
тистик высших порядков и математическом аппарате
стохастических полиномов Кунченко.

Приведен алгоритм для нахождения ММПл-оценок
с применением стохастических полиномов 3-го поряд-
ка. Получены аналитические выражения, позволяющие
определять дисперсию ММПл-оценок параметров для
асимптотического случая и при наличии априорной
информации о параметрах ЭСР. Показано, что отно-
сительная теоретическая точность оценок различных
методов существенно зависит от параметра формы ЭСР
и совпадает только для частного случая гауссова рас-
пределения.

Путем многократных статистических испытаний
(методом Монте-Карло) исследована эффективность
(по критерию величины дисперсий оценок) различных
подходов (в том числе оценок среднего значения) при
наличии и отсутствии априорной информации о свой-
ствах ЭСР. Построены области наибольшей эффектив-
ности для каждого из методов в зависимости от пара-
метра формы ЭСР и объема выборочных данных.

Ключевые слова: экспоненциальное степенное ра-
спределение; стохастические полиномы; статистики
высших порядков; оценка параметра
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