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The possibility of error in the case of imprecise estimation of the impulse characteristic of a multipath
channel is investigated in the article. The study was carried out for a multipath communication channel
of discrete channel models, which corresponds to the mapping of a continuous two-path channel onto a
discrete channel with an impulse characteristic. Numerical results of calculations are obtained, which can
be used to calculate the error probability in the cases indicated in the article, which differ in the ratio of
the amplitudes of the interfering beams. Formulas for calculating probability integrals are presented in the
article. The influence of the accuracy of estimating the components of the impulse characteristic vector on
the error probability in a two-beam channel with constant parameters is studied. The results of a study
of the influence of the communication channel model on the error probability for different models of the
communication channel for 8PSK modulation are also presented. With the “deterioration” of the type of the
channel impulse characteristic (an increase in the number of channel amplitude-frequency characteristic dips
in the signal band and an increase in their depth), the decrease in the error probability characteristic due to
begins at lower estimation error values. The results of studying the error probability of 8PSK and 64QAM
signals in a single-beam channel with Rayleigh fading are presented. It is determined that the influence of
errors becomes more noticeable with an increase in the signal-to-noise ratio in the channel and with an
increase in the number of dips in the amplitude-frequency characteristic of the channel in the signal band
and an increase in their depth.
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Introduction

The components of the sampling vector of the
impulse characteristic (IC) of the multipath channel
are independent random variables, and the errors
of their estimates are considered to be mutually
independent of each other and of the present values.
This assumption is valid if the optimal filter matched
with the distorted multipath channel is used at the
receiver input, with subsequent decoration of original
samples. Such a filter is very difficult to implement,
and instead of it, in practice, a filter is used that is
consistent not with the received signal, the distorted
channel, but with the transmitted one. Usually a raised
cosine filter or some kind of it is used [1, 2].

1 Literature analysis

In the article [1], two options for combating
intersymbol interference in multipath communication
channels were studied: the use of an equalizer and
time orthogonal multiplexing. The use of equalizers
and orthogonal time multiplexing is compared, and
the possibility of using equalizers to create controlled
intersymbol interference as a way to deal with such
interference that occurs in the troposcatter communi-
cation channel is shown.

The article [2] considers the system of control,
monitoring and diagnostics of a combined radio engi-
neering system from the standpoint of the theory
of complex systems. Specific examples of promising
combined radio engineering systems operating via
multipath communication channels with the use of
equalizers built according to the minimum standard
deviation (MSD) criterion are given.

http://radap.kpi.ua/radiotechnique/article/view/1830
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The expediency of using combined radio engineer-
ing systems has been repeatedly noted at the annual
international conferences MILCOM [5–7].

An analysis of bibliographic sources showed that
the closest in terms of the method of solving such
problems are studies conducted in [4, 8–12].

In all considered cases, the readings of the IС
vector of a discrete communication channel, formed
by mapping a continuous multipath channel onto a
discrete channel, cannot be considered independent
values. Analytical calculation of the dependence of
characteristics on the accuracy of estimating the
channel parameters in this case, which is of practi-
cal interest, is extremely difficult due to the lack of
analytical expressions.

The purpose of the article is to determine 𝑃𝑒𝑟𝑟𝑜𝑟

in the case of inaccurate estimation of the IС of a
multipath channel.

2 The problematic part

When considering multipath channels with Rician
fading for arbitrary signals with incoherent reception,
the error probability is determined through integrals
of the form [3]. Arbitrary signals mean orthogonal,
opposite, simplex, and others. The problem is that
there are no general functions for 𝑃𝑒𝑟𝑟𝑜𝑟 for arbitrary
signals. Therefore, one should consider integrals of
functions of the form:

𝜉𝑛[±1− 𝑒𝑟𝑓(𝛼𝜉 + 𝛽)]𝑚,

where 𝑛 = 0, 1, 2, . . . , 𝑚 = 1, 2, 3, . . . , 𝛼 ̸= 0 and
𝛽 – continuous parameters, 𝜉 – independent variable,
𝑒𝑟𝑓(𝑢) = 2√

𝜋

∫︀ 𝑢

0
𝑒𝑥𝑝(−𝑡2)𝑑𝑡 – integral of probabi-

lity (𝛼, 𝛽 and 𝜉 can be both real and complex
independently of each other). The differences [±1 −
𝑒𝑟𝑓(𝛼𝜉 + 𝛽)] are the complements of 𝑒𝑟𝑓(𝛼𝜉 + 𝛽) to
its possible boundary values ±1 in accordance with
the sign choice rule for the cases 𝑅𝑒(𝛼𝜉) → ±∞ as

𝜉 approaches infinity of the given trajectory on the
complex planes.

3 Main part

The accuracy of estimates of the IC communicati-
on channel will be characterized by the value of the
normalized MSD of the estimate 𝜀2ℎ.

Оutchannel is carried based on the model of a
discrete channel corresponding to the mapping of a
continuous two-path channel onto a discrete channel
with an IС of the form:

ℎ𝑛=𝛼

[︃
𝑎1𝛿𝑛+𝑎2𝑒

𝑗𝜙
𝐾∑︁

𝑘=−1

sin(𝑛−𝑘−𝜏/𝑇 )

]︃
, (1)

where 𝑛 = 1 , . . . ; 𝑎1 and 𝑎2 – real ray amplitudes;
𝜙 – random phase shift between beams; 𝜏/𝑇 – relative
delay in units of symbol length 𝑇 between beams;
𝐾 ≫ 1. The value of 𝐾 characterizes the accuracy
of mapping a continuous channel to a discrete. The
value 𝛼 is a normalization constant chosen from the
condition:

𝐿∑︁
𝑛=1

|ℎ𝑛|2 = 1,

where 𝐿 – number of rays.
We will specifically consider two options that differ

in the ratio of the amplitudes of the interfering beams:
1a) 𝑎1 = 𝑎2 = 1/

√
2 and 1b) 𝑎1 = 2𝑎2 = 2/

√
3.

These options are among the most difficult to evaluate,
for example, option 1a due to the equality of the
amplitudes of the interfering beams, leading to channel
frequency response dips to zero.

Let’s move on to the analytical part of the work.
We present the formula for indefinite integrals of

the above functions for arbitrary 𝑛 ≥ 0 and its separate
forms for 𝛽 = 0 for even 𝑛 = 2𝑘 and odd 𝑛 = 2𝑘 + 1
(𝑚 = 0, 1, 2, . . . ):

∫︁
𝜉𝑛[±1−𝑒𝑟𝑓(𝛼𝜉+𝛽)]𝑑𝜉 = ± 𝜉𝑛+1

𝑛+ 1
−

∫︁
𝜉𝑛𝑒𝑟𝑓(𝛼𝜉+𝛽)𝑑𝜉 =

= [±1−𝑒𝑟𝑓(𝛼𝜉+𝛽)]

⎡⎣ 𝜉𝑛+1

𝑛+ 1
− 𝑛!

(−𝛼)𝑛+1

[𝑛/2]∑︁
𝑘=0

𝛽𝑛+1−2𝑘

4𝑘𝑘!(𝑛+1−2𝑘)!

⎤⎦+𝑂
(︁
𝑁

3
2

)︁
,

(2)

∫︁
𝜉2𝑘[±1−𝑒𝑟𝑓(𝛼𝜉)]𝑑𝜉 =

𝜉2𝑘+1

2𝑘 + 1
[±1−𝑒𝑟𝑓(𝛼𝜉)]− 𝑘!𝑒𝑥𝑝(−𝛼2𝜉2)

(2𝑘 + 1)
√
𝜋

𝑘∑︁
𝑗=0

𝜉2𝑗

𝑗!𝛼2𝑘+1−2𝑗
+𝑂

(︁
𝑁

3
2

)︁
, (3)

∫︁
𝜉2𝑘+1[±1−𝑒𝑟𝑓(𝛼𝜉)]𝑑𝑧 =

𝜉2𝑘+2

2𝑘 + 2
[±1−𝑒𝑟𝑓(𝛼𝜉)] +

(2𝑘 + 1)!

(𝑘 + 1)!
×

×

[︃
𝑒𝑟𝑓(𝛼𝜉)

(2𝛼)2𝑘+2
− 𝑒𝑥𝑝(−𝛼2𝜉2)√

𝜋
×

𝑚∑︁
𝑘=0

(𝑗 + 1)!𝜉2𝑗+1

4𝑘−𝑗(2𝑗 + 2)!𝛼2𝑘+1−2𝑗

]︃
+𝑂

(︁
𝑁

3
2

)︁
.

(4)



Ймовiрнiсть помилки багатопроменевого каналу зв’язку при неточному оцiнюваннi iмпульсної характеристики. . . 25

In formula (2), [𝑛/2] is the integer part of the
number 𝑛/2. These expressions are obtained us-
ing formulas for integrating the probability integral
itself and its derivatives with a power function. The
general formula (2) is written here (for conveni-
ence)with the addition of an integral constant equal
to ∓𝑛!𝐹 (𝑛, 𝛽)/(−𝛼)𝑛+1. The simpler formulas (3) and
(4) are given, taking into account the greatest practical
interest in the corresponding cases.

Let us pass to integrals of the form 𝜉𝑛[±1−𝑒𝑟𝑓(𝛼𝜉+
𝛽)]𝑚𝑙 for 𝑚𝑙 > 1.

These expressions are easily obtained using
integrals of derivatives of statistics functions with
square and cube of the probability integral. As a result,
we arrive at cumbersome formulas, which, taking into
account the physical conditions of the problem, can be
represented as:

∫︁
𝜉𝑛[±1−𝑒𝑟𝑓(𝛼𝜉 + 𝛽)]2𝑑𝜉 = [±1−𝑒𝑟𝑓(𝛼𝜉 + 𝛽)]2 ×

⎡⎣ 𝜉𝑛+1

𝑛+ 1
− 𝑛!

(−𝛼)𝑛+1

[𝑛/2]∑︁
𝑘=0

𝛽𝑛+1−2𝑘

4𝑘𝑘!(𝑛+1−2𝑘)!

⎤⎦+𝑂
(︁
𝑁

3
2

)︁
, (5)

∫︁
𝜉2𝑚[±1−𝑒𝑟𝑓(𝛼𝜉)]2𝑑𝜉=

𝜉2𝑚+1

2𝑚+1
[±1−𝑒𝑟𝑓(𝛼𝜉)]2− 𝑚!

(2𝑚+1)
√
𝜋

{︃
2𝑒𝑥𝑝(−𝛼2𝜉2)[±1−𝑒𝑟𝑓(𝛼𝜉)]×

𝑚∑︁
𝑘=0

𝜉2𝑘

𝑘!𝛼2𝑚+1−2𝑘
+

+

√
2

𝛼2𝑚+1
𝑒𝑟𝑓(

√
2𝛼𝜉)

𝑚∑︁
𝑘=0

(2𝑘)!

8𝑘(𝑘!)2
− 𝑒𝑥𝑝(−2𝛼2𝜉2)

2
√
𝜋

𝑚∑︁
𝑘=1

(2𝑘)!

(𝑘!)2

𝑘∑︁
𝑙=1

(𝑙 − 1)!𝜉2𝑙−1

8𝑘−𝑙(2𝑙 − 1)!𝛼2𝑚+2−2𝑙

}︃
+𝑂

(︁
𝑁

3
2

)︁
,

(6)∫︁
𝜉2𝑚+1[±1−𝑒𝑟𝑓(𝛼𝜉)]2𝑑𝜉 = [±1−𝑒𝑟𝑓(𝛼𝜉)]2

[︂
𝜉2𝑚+2

2𝑚+ 2
− (2𝑚+ 1)!

(𝑚+ 1)!(2𝛼)2𝑚+2

]︂
−

− (2𝑚+ 1)!

(𝑚+ 1)!
√
𝜋

{︃
𝑒𝑥𝑝[−(𝛼2𝜉2)][±1−𝑒𝑟𝑓(𝛼𝜉)]×

𝑚∑︁
𝑘=0

𝑘!𝜉𝑛−2𝑘

4𝑚−𝑘(2𝑘 + 1)!𝛼2𝑚+1−2𝑘

}︃
+𝑂

(︁
𝑁

3
2

)︁
.

(7)

The results obtained in the form of formulas (1)-(7)
can be used to calculate 𝑃𝑒𝑟𝑟𝑜𝑟 in the indicated cases.
Numerical calculation results are shown in Figures 1, 2
and 3.

The error probability curves are shown in Fig. 1
for an inaccurate estimate of the component of the
vector IС.

a) 8 PSK b) 64 QAM

Fig. 1. Influence of the accuracy of estimating the components of the vector IС on 𝑃𝑒𝑟𝑟𝑜𝑟 in a two-beam channel
with constant parameters (model 1b)
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Сurves 𝑃𝑒𝑟𝑟𝑜𝑟 for different communication channel
models for 8PSK modulation are shown in Fig. 2. It
can be seen that with the ”deterioration” of the type
of channel IС (an increase in the number of channel
frequency response dips in the signal band and an
increase in their depth), the decrease in the characteri-
stic 𝑃𝑒𝑟𝑟𝑜𝑟 due to estimation errors begins at lower
error values.

Figure 3 shows the curves 𝑃𝑒𝑟𝑟𝑜𝑟 of 8PSK and
64QAM signals in a single-path channel with Rayleigh
fading. As can be seen from Fig. 3, there is a certain
zone of estimation errors, within which their influence
on the characteristics of immunity to interference is
insignificant, and when leaving it, a sharp increase in
the value of 𝑃𝑒𝑟𝑟𝑜𝑟 is observed. Moreover, the errors in
estimating 𝜀2ℎ in the larger direction are more critical.

Fig. 2. The impact of the communication channel model on 𝑃𝑒𝑟𝑟𝑜𝑟

Fig. 3. Influence of the estimation accuracy of the vector component IС on 𝑃𝑒𝑟𝑟𝑜𝑟 in a single-beam channel with
Rayleigh fading

Conclusion

Dual-use communication systems, which include
troposcatter systems, operate over a multipath
communication channel. Such a troposcatter communi-
cation channel is characterized by signal fading and
intersymbol interference. Note that the impact of
errors becomes more noticeable when: a) increasing the

signal-to-noise ratio in the channel; b) “deterioration”
of the type of channel IС (an increase in the number
of dips in the frequency response of the channel in the
signal band and an increase in their depth).

Modems in combinations of troposcatter-radiorelay
communication systems use various types of PSK
and QAM. The requirements for the troposcatter
components of combined systems in terms of error
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probability are very high, at the level 𝑃𝑒𝑟𝑟𝑜𝑟 =
10−5 degree. Therefore, the graphs in Fig. 1, 2, 3 have
practical applications. Since the requirements for
troposcatter communication systems in terms of error
probability increase, theoretically obtaining the results
(formulas 1-7) will allow determining the error probabi-
lity for more complex modulation types than those
indicated in the article.

References

[1] Pochernyaev V., Zaichenko V. (2019). Struggle
against intersymbol interference by using equalizers
and orthogonal time-division multiplexing. Control,
Navigation and Communication Systems. Academic
Journal , Poltava: PNTU, Vol. 4, Iss. 56, pp. 141-145.
doi:10.26906/SUNZ.2019.4.141.

[2] Pochernyaev V., Zaichenko V., Povhlib V. (2021).
System of management, control and diagnostic for
the combined radio engineering system. Control,
Navigation and Communication Systems. Academic
Journal , Poltava: PNTU, Vol. 2, Iss. 64, pp. 161-165.
doi:10.26906/SUNZ.2021.2.161.

[3] Proakis J. G., Salehi M. (2008). Digital Communications,
5th ed. McGraw-Hill Higher Education, p. 1170.

[4] Ayedi M., Sellami N., Siala M. (2016). Efficient nodes
identification based on embedded signaling using the
fast Walsh Hadamard transform in multi-sources multi-
relays systems. International Symposium on Networks,
Computers and Communications (ISNCC), pp. 1-5.
DOI:10.1109/ISNCC.2016.7746105.

[5] Bastos L., Wietgrefe H. (2012). Tactical troposcatter
applications in challenging climate zones. Military
communications conference (MILCOM), p. 1-6.
DOI:10.1109/MILCOM.2012.6415601.

[6] Bastos L., Wietgrefe H. (2013). A Geographical Analysis
of Highly Deployable Troposcatter Systems Performance.
IEEE Military communications conference (MILCOM),
pp. 661- 667. DOI:10.1109/MILCOM.2013.118.

[7] Bastos L., Wietgrefe H. (2011). Highly-deployable
troposcatter systems in support of NATO
expeditionary operations. Military communi-
cations conference (MILCOM), pp. 2042-2049.
DOI:10.1109/MILCOM.2011.6127619.

[8] Duong Q., Nguyen H. H. (2017). Walsh-Hadamard
precoded circular filterbank multicarrier communi-
cations. International Conference on Recent
Advances in Signal Processing, Telecommuni-
cations & Computing (SigTelCom), pp. 193-198.
DOI:10.1109/SIGTELCOM.2017.7849821.

[9] Yang K., Wu Z. (2018). Analysis of the Co-channel
Interference caused by Atmospheric Duct and
Tropospheric scattering. 12th International Symposium
on Antennas, Propagationand EM Theory (ISAPE), pp.
1-4. DOI:10.1109/ISAPE.2018.8634125.

[10] Klapper A., Goresky M. (2012). Arithmetic Correlati-
ons and Walsh Transforms. IEEE Transactions on
Information Theory, Vol. 58, Iss. 1, pp. 479-492.
DOI:10.1109/TIT.2011.2165333.

[11] Zhou Y., Cheng A., Zhang F., Long X. (2022). Constructi-
on of Troposcatter Communication Channel Model
Basedon OPNET. IEEE 6th Information Technology and
Mechatronics Engineering Conference (ITOEC), pp. 1010-
1014. DOI:10.1109/ITOEC53115.2022.9734348.

[12] Zhang W., Zhang Z., Jia J., Qi L. (2016). STC-
GFDM systems with Walsh-Hadamard transform. IEEE
International Conference on Electronic Information and
Communication Technology (ICEICT), pp. 162-165.
DOI:10.1109/ICEICT.2016.7879674.

Ймовiрнiсть помилки багатопромене-
вого каналу зв’язку при неточному
оцiнюваннi iмпульсної характеристики
такого каналу

Почерняєв В.М., Сивкова Н.М., Магомедова М.С.

У статтi дослiджується ймовiрнiсть помилки у ви-
падку неточного оцiнювання iмпульсної характеристи-
ки багатопроменевого каналу. Дослiдження проведено
для багатопроменевого каналу зв’язку на базi моделi
дискретного каналу, що вiдповiдає вiдображенню безпе-
рервного двопроменевого каналу на дискретний канал з
iмпульсною характеристикою. Отриманi результати роз-
рахункiв, якi можна використовувати для розрахунку
ймовiрностi помилки у зазначених в роботi випадках,
що вiдрiзняються спiввiдношенням амплiтуд iнтерферу-
ючих променiв. В роботi наведенi формули для розра-
хункiв iнтегралiв ймовiрностi та проведено дослiдження
впливу точностi оцiнки компонентiв вектора iмпульсної
характеристики на ймовiрнiсть помилки у двопромене-
вому каналi з постiйними параметрами. Також наведено
результати дослiдження впливу моделi каналу зв’язку
на ймовiрнiсть помилки при рiзних моделях каналу
зв’язку для модуляцiї 8PSK та величинi вiдношення
сигнал/шум 8дБ. При «погiршеннi» виду iмпульсної
характеристики каналу (збiльшеннi кiлькостi провалiв
амплiтудно-частотної харакетристики каналу у смузi
сигналу та зростаннi їх глибини) зниження характери-
стики ймовiрностi помилки починається при менших
значеннях оцiнки помилок. Наданi результати дослi-
дження ймовiрностi помилки сигналiв 8РSК та 64QAM
в однопроменевому каналi з релеєвськими завмиран-
нями. Визначено, що вплив помилок стає помiтнiшим
при збiльшеннi вiдношення сигнал/шум у каналi та при
збiльшеннi кiлькостi провалiв амплiтудно-частотної ха-
рактеристики каналу у смузi сигналу та зростаннi їх
глибини.

Ключовi слова: ймовiрнiсть помилки; iмпульсна ха-
рактеристика; iнтеграл; нормоване середньоквадрати-
чне вiдхилення; модель каналу зв’язку; багатопромене-
вий канал зв’язку; однопроменевий канал з релеєвськи-
ми завмираннями; двопроменевий канал з постiйними
параметрами
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