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The problem of scattering of plane electromagnetic waves on lattices of spherical dielectric resonators (DRs)
with low magnetic oscillations is considered. The results of theoretical calculations of complex coefficients of
mutual coupling of spherical dielectric resonators in open space for cases of excitation of degenerate types
of oscillations are presented. The expressions found coincide with those obtained earlier for the special case
of oscillations of resonators excited along or perpendicular to the line connecting their centers. The main
regularities of the change in the coupling coefficients with variations in the coordinates of the resonators in the
transverse plane are considered. Analytical expressions for c-functions are found for the field of fundamental
magnetic oscillations of a resonator and a plane wave in open space. On the basis of the obtained formulas,
with the help of the perturbation theory, the characteristics of the scattering of plane waves on a square
lattice of spherical DRs with basic degenerate magnetic oscillation types are calculated and studied. The
distribution of the scattering field in the wave zone of the grating is studied for different angles of incidence.
The regions of variation of the angles of incidence are determined, in which the scattering amplitude of a
lattice constructed on the basis of spherical DRs differs most noticeably from DR lattices of other shapes
with nondegenerate types of oscillations. The polarization characteristics of scattered waves in the far zone of
the lattice are calculated. It is noted that, in contrast to the lattices of pseudorotating cylindrical DRs with
the main magnetic types of oscillations, lattices based on spherical resonators are characterized by a more
complex distribution of the polarization of scattered waves. In the wave zone of the lattice, scattered waves of
all three types of polarization, linear, circular, elliptical, can be observed. The obtained results significantly
expand the possibilities of developers, since allow us to create electrodynamic models of lattices, as well as
other devices in the millimeter and infrared ranges, built on the basis of the use of spherical resonators with
oscillations of the main types. Such lattices can be used in antennas, passive reflectors, and other devices of
modern optical communication systems.
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Introduction

Today, spherical dielectric resonators (DRs) are
being actively studied as one of the main resonant
elements of various devices in the optical and infrared
wavelength ranges. The reason for this is the exis-
tence of relatively simple methods for manufacturing
controlled dielectric samples of nanometer dimensi-
ons. The optical properties of metamaterials based
on spherical microparticles [1-5, 14], various lattices
[6, 12, 16, 18], and small spatial clusters known as
photonic molecules [7, 15, 19] are studied. Spherical
dielectric resonators with whispering gallery modes are
already being used as sensors [9], in optical delay lines,
in multiplexers, lasers [10,11,13,17,20], etc. In connecti-
on with the foregoing, a wide class of problems on the

scattering of electromagnetic waves by spherical DR
lattices remains relevant [8,21].

Despite the fact that the fields of spherical DRs are
described by relatively simple analytical expressions,
the calculation of more complex structures, based on
them, faces significant computational difficulties. At
the same time, obtaining exact analytical solutions
usually leads to cumber some computational structures
[21]. Analytical modeling using perturbation theory is
also associated with a number of difficulties arising
from the high sensitivity of the output parameters
to the relative frequencies of partial resonators in
the structure, as well as the uncertainty in the choi-
ce of basis functions. However, the construction of
electrodynamic models provides valuable information
about the behavior of systems of coupled resonators
under different scattering conditions.


http://radap.kpi.ua/radiotechnique/article/view/1886

Po3cioBanHs II0CKHX €JIEKTPOMATHITHUX XBHJIb PemIiTKaMU CDEPUIHUX Ii€JIEKTPHIHUX PE30HATOPIB 3 . .. 13

The purpose of the article is to derive the
necessary analytical relationships for constructing an
electrodynamic model of the scattering of plane
electromagnetic waves on the lattices of spherical DRs
with the main magnetic types of oscillations Hj,1
(m = 0,+£1). Analysis of wave scattering on a planar
lattice of spherical DRs.

To carry out calculations using perturbation theory
[23], the coefficients of mutual coupling of resonators
with different types of degenerate oscillations were
generalized. Calculations of c-functions describing the
degree of interaction of natural oscillations with the
field of a plane wave are carried out. An electrodynamic
model of the process of scattering by a planar lattice
of spherical DRs is constructed.

1 Coupling coefficients calculati-
on for main oscillations of the
spherical dielectric resonators

For expanding the scattered field of the lattice in
terms of natural oscillations of the resonator system,
it’s necessary to know the coupling coefficients for
arbitrary coordinates and types of oscillations [22].
Mutual coupling coefficients of the spherical dielectric
microresonators in the open space are not studied in
full detail. On the basis of the analytical relations [25],
we have obtained formulas for the most general cases
of excitation for magnetic oscillations Hi,,1, which we
will give a more symmetrical form:

for Az > 2rg :
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Here the function off(p,q) determining coupling
dependence on the dlelectrlc parameters for a given
type of resonator oscillations [22], also p = ki7ro and

q = koro are the characteristic parameters; ro — radi-
us; ko = w/c; k1 = VE€1rko are the wave numbers;
w — circular frequency; ¢ — speed of light; &1, — di-
electric permittivity of the resonator; Ax = z; — g;
Ay = y1—yo; Az = 21 —29; Ar = /A2 + Ay? + Az2;
(zs,Ys,2s) coordinates of the resonator centers (see
Fig. 1,a); hi(2) = (7T/22)1/2H(2J21/2
cal Hankel functions of the second kind [23]. Indices
in Ky, denote the direction of the magnetic field at
the center of each of the partial resonators in a gi-
ven coordinate system, which is characteristic of one
its degenerate oscillations of the magnetic type Himn1
(u,v =x,y,2).

In a particular case Az = Ay = 0, the obtained
relations coincide with those found earlier [22]. As
follows from (1), the formulas actually coincide with
each other with an appropriate permutation of the
coordinates. For example:

(z) is the spheri-

Kyy(Az, Ay, Az) = Ko (Ay, Az, Az);

Kzz(Az, Ay, Az) = Kazy(Az, Az, Ay);

(
Koz (Az, Ay, Az) = ke (Az, Ay, A);
(
Kyz(Az, Ay, Az) = Ky (Ay, Az, Ax).

This becomes obvious if we take into account the
maximum spatial symmetry of the shape of both
resonators.

The calculated dependences of the coupling on the
coordinates of the resonators are shown in Figs. 1 (b-k)
for the relative permittivity of the resonators 1, = 36
and kgAz = 2q. Note here that these coupling functi-
ons are even on a plane (koAx, koAy) for oscillations
Kuw (Fig. 1,b-g) and odd for oscillations ., (see (1)
and Fig. 1,h-k).

2 Calculation and analysis of
c-functions

C-functions determine the degree of influence of an
external field on a partial dielectric resonator. Such
an interaction is determined by the distribution of the
external field

Et = (& cosay 4o cosag + Zo cosaz ) Ae ™ 1E0F,
o A _pr (2)
H™ =(Zy cosf1+ 7o cosPa+ 2y cosfz) —e 0
wWo

onto the field of natural oscillations of the resonator.
Here &y, 4o, zo are unit vectors directed along the axis
X, ¥, z, respectively; wo = 120w — wave resistance of
open space; A — amplitude; kg = (o cos 1 + Yo cosy2 +
Zp cos y3) ko — wave vector; 7 = (Zox + Yoy + 202)-



14

Tpy6iu O. O.

Fig. 1. Two spherical DR in a given rectangular coordinate system (z,y, z) (a). Dependences of the coupling

coefficients of the magnetic oscillations Hi,,; of a spherical DR on the mutual distance between there centers

for kgAz = 2q (b-k) (ko = w/c; Ax = x1 — x9; Ay = y1 — y2). The indices in k,, denote the direction of the
magnetic field at the center of each resonator (u,v = z,y, z)

We have found an analytical expression for the c-
function for the simple case of excitation of oscillations
of magnetic types Hi,,1 in a spherical resonator in a
coordinate system(a’,y’,z’) whose z'-axis is directed
along the wave vector I;O:

¢t = 2mirgd, A x

L) 5 i@l -0 4 i) St }k( |
3

Here (0,0, 2’) is the resonator center coordinate; m =
0, £1 — azimuthal number of fundamental natural osci-
llations of the DR; d,,, — Kronecker symbol; j,(z) =
(77/2z)1/2Jn+1/2(2) is the spherical Bessel function [23];
x — complex conjugate symbol. If the magnetic field of
natural oscillations in the center of the resonator is
directed along the y axis, this case corresponds to the
upper value in the curly bracket, and if it is directed
along the z axis, to the lower one.

As can be seen from (3), the function ¢ is nonzero
only for oscillations Hi,,; with m = 1. The c¢*-function
is proportional to the projection of the magnetic field
of the incident plane wave on the direction of the
magnetic field of natural oscillations in the center of
the resonator.

3 Construction of a model for the
scattering of plane waves by an
lattice of spherical DRs

As an example, let’s build a scattering model on a
10x10 square lattice shown in Fig. 2,a,b. To simplify
the calculation of the amplitudes of natural oscillations
of the DR system, we pass to the coordinate system,
the axis z of which is directed along the vector ko and
use (3). The amplitudes of the resonators are found
using the perturbation theory [22], after which the
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field scattered by the grating is calculated by going
back to the coordinate system of the lattice. In this
case, we take into account all three types of degenerate
oscillations of each of the resonators that arise in the
lattice, both due to interaction with the incident wave
and due to the coupling between the resonators.

Figure 2 shows the angular dependences of

the squared modulus of scattering amplitude
|f Ok, o]0, )| for different cases. Here (O),¢r) is

YoV ee
(LA A 2 2 L 4 2 22/
bttt
A A 2 A 2 A 2 22
Yoo e
A A 2 A A 4 2 22
LA A A Al A 4 24
LA A2 A L A 2 2 d
'U"U"O"]d
LA A 2 A 4 4 4 22
L
d

the direction of the vector EO in the lattice coordinate
system.

The obtained data showed that lattices built on
the basis of spherical DRs differ from lattices of other
resonator shapes in terms of scattering characteristics,
primarily at angles of incidence close to 7/4 < 6 <
3n/4 and ¢ # 0 (Fig. 2, f1). In cases where the
incident wave is directed at 6 > 37/4 and ¢, = 0 to
the lattice plane, these differences are minimal (Fig. 2,
c-e).
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Fig. 2. Square lattices 10x 10 of spherical DRs — a, b. Angular dependences of the squared modulus of scattering

amplitude | f (0, or|0, ©)|? for d = Xo/4 (Ao = 2 /ko); O = 3 o = 0 (¢); O = 0,975 @ = 0 (d); O, = 0, 757;

wr =0 (e,f); 6 = 0,57; pr = 0 (g,h); and for O = 0.757; o = 0,17 (i,]); Ox = 0.757; o = 0,27 (k,1); for
s-scattering — (c-e, g,1,k) for p-scattering (f, h,j,1); straight lines show the direction of the incident wave
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4 Polarization of scattered waves
by DR lattices

In this work, we also studied the general regulari-
ties of the change in the polarization of the scattered
waves. For this purpose, the electric component of the
field in the wave zone was represented as the Jones
vector in the spherical coordinate system (r, 6, ), with
a minimum number of independent parameters [24]:

€% = (cos 3 - gy + € sin 3 - figg) - €' @EFom) /1.

here 7ig,, 7ps — the unit vectors are oriented in the
directions ¢, 6, respectively.

4 B(6)

Conclusions

An analytical expressions for the coupling coeffi-
cients of the spherical microresonator in the open
space has been obtained. Expressions for c-functions
are found for spherical DRs with the main magnetic
types of degenerate natural oscillations and a plane
wave. Based on the perturbation theory, the scatter-
ing characteristics of a flat square 10x10 DR lattice
are calculated. Thus, the data obtained show that the
characteristics of scattering on lattices of spherical DRs
have a more complex structure associated with the
excitation of several types of degenerate oscillations of
this type of resonators.
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Po3sciroBantsg mnmaockmx eJeKTpoOMarHi-
THUX XBWJIb pelliTkaMu cepuIHUX i-
€JIEKTPUYHUX PE30HATOPIiB 3 BUPOIXKE-
HUMHI HU>KYNUMU TUTAMHI BJIACHUX KOJIH-
BaHb

Tpy6in O. O.

Posriamaernscsa 3amada po3CiiOBaHHS TIJIOCKUX €JIEKTPO-
MarHiTHAUX XBUJIb HA PENITKAX JeJIeKTPUIHUX PE30HATOPIB
(IP) chepuanoi popmu i3 HUKIMMY KOJTMBAHHAMA MArHIT-
Horo tury. HaBemeHo pe3ysbTaTy TEOPETUIHUX PO3PAXYH-
KiB KOMIIJIEKCHUX KOediIli€HTIB B3a€MHOTO 3B’s3Ky cdepu-
YHUX [JleJIeKTPUYIHUX PEe30HATOPIB y BIAKPUTOMY IIPOCTOPI
JJIS BUMQJKIB TOPYIIEHHS BUPOIZKEHUX THUINB KOJNBAHbD.
Buaiifneni Bupasu 36iraloThbCd 3 OTPUMAHUMU PAHINIE IS
OKPEMOr'0 BUIIAJKY KOJIMBAHb PE30HATOPIB, fAKi 30ymKyIo-
ThCST B3I0BXK a00 MEPIEHAVKYISPHO TPAMIi, fKa 3’€HYyE
ix mieaTpu. Po3ryisiiyTO OCHOBHI 3aKOHOMIPHOCTI 3MiHU KO€-
dinienTis 38’A3Ky mif gac Bapianii KOOpaAWHAT PE30HATOPIB
y ToTepevHiil TIoMmuHI. 3Halk/IeHl HOBI aHAITHYHI BUPA3KH
c-dbyHkuiit (3) Ay MOAS OCHOBHMX MAarHITHHX KOJIMBAHb
pe3onaropa i mwiockol xBuil y Bigkpuromy mpocropi. Ha
migcTaBi orpumanux GOpMyJI, 3a JOIOMOro0 Teopii 30y-
PeHb PO3PaxXOBAHO Ta JAOCJIIKEHO XapaKTEPUCTUKU PO3Ci-
IOBAHHS IIJIOCKMX XBUJIb HAa KB3/IPATHHUX pemiTkax cdepu-
gyuux /P 3 0CHOBHUMU BUPO/IXKEHUMU MArHITHUMU THUIAMU
KOIMBaHb. J10C/Ii/I2K€HO PO3ITO/ILT OISt PO3CIIOBAHHS Y XBH-
JIbOBIH 30HI perriTKy [yt Pi3HUX KyTiB naginag. Busnageno
obsracTi 3MiHM KyTiB HAaiHHS, B IKHX aMILITyIa pPO3Ciio-
BaHHS PemiiTKu, mo0yaoBaHol Ha ocHOBI cdepuwanux [P,
HaOLIbW 1TOMITHO BiApi3Hse€TbCcd Bij pemitok AP inmwmx
dopM i3 HEBUPOIKEHNMHY THUIIAMH KOJIMBAaHbL. Po3paxoBano
XapaKTEPUCTUKA MOJIAPU3AI] PO3CITHUX XBUWIb y JAIbHIN
30HI pemriTKH. 3a3HAYEHO, IO Ha BIIMIHY Bi r'paT mces-
noobeprasgpuux /P mmmingpuaHoi dopMu 3 OCHOBHUMEI
MAarHITHUMU TWUMIAMU KOJIMBAHB, PENNTKH, moOymoBaHi Ha
OCHOBI chepUIHNX PE30HATOPIB, XaPAKTEPU3YIOTHCS OB
CKJIQJHINTAM PO3MOIIIOM IIOJIEPU3allil PO3CIFHUX XBHIb. Y
XBUJIbOBIH 30HI PENIiTKH MOXKYTh CIHOCTEPIraTUCs PO3CisHI
XBUJIL BCIX TPhOX THIIB MOJIAPU3AIii — JIiHIAHOI, KPyroBoi,
emintranol. OTpuMmani pe3yabTaTH 3HAYTHO PO3MIMPIOIOTH
MOKJIUBOCTI PO3POOHUKIB, OCKIJIBKH JI03BOJIAIOTH CTBOPIO-
BaTU €JIeKTPOJUMHAMIYHI MOJIesi PEeITiTOK, & TaKOX IHIIIX
NPUCTPOIB MiiMeTpoBOro Ta indpadepBOHOrO Iiala30HIB,
moOyIOBAHUX HA OCHOBI 3aCTOCYBaHHS C(HEpUIHHX pPe30-
HATOPIB 3 KOJMBAHHAMM OCHOBHHUX THMIB. Taki pemriTkm
MOXYTh OyTM BHUKODHCTaHI B aHTEHAX, IACHUBHUX BigbOum-
Badax, a TAKOXK B IHIIUX OPUCTPOSX CYIACHUX ONTHUIHUX
cucTeM 3B’S3KY.

Ka10406i cao6a: MieNeKTPUIHUN PE30HATOP; PENriTKa;
koedinienT 38’ 43Ky; c-PyHKIA; aMIUTITYSa PO3CIIOBAHHS
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