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Transverse Resonance Technique
for Analysis of Symmetrical Stub
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Open or short-circuit stubs in a strip (microstrip) transmission line are one of the most common elements of
planar circuits used in numerous devices in the microwave frequency range: various types of filters, couplers,
power amplifiers, antennas, sensors, wireless energy transfer systems, etc. Modern planar circuits in the
microwave frequency range already contain stubs of a complex shape and a complex pattern inside the
microstrip line. Therefore, an urgent problem is to develop an analyzing method for discontinuities in form
of the closed or open stub in a microstrip transmission line at frequencies at which the transmission line
theory already has significant errors and high-frequency effects must be considered. In paper a technique of
scattering characteristics calculating on a symmetrical microstrip open stub by transverse resonance method
is presented. Boundary value problems for a rectangular volume resonator based on a microstrip transmission
line with a symmetric open stub are solved for three different boundary conditions in the plane of symmetry
and on the longitudinal boundaries. To algebraize the boundary value problems for the resonator’s eigen
frequencies with discontinuity, the corresponding two-dimensional functions of the magnetic potential are
constructed, through which the components of the current density on the strip are calculated. The magnetic
potential functions were written by decomposing them into series by orthogonal Chebyshev polynomials,
which consider the behavior of the field on a thin edge and ensure fast convergence of the series and the
algorithm. The developed algorithms were tested by calculating the scattering characteristics of a microstrip
open stub using the transverse resonance method on the example of open stub in a microstrip transmission
line with a resonant frequency of about 3.0 GHz. In addition, the method was tested on the example of
numerical calculations of the dependence of resonant reflection frequencies of an open stub on its width.
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Introduction

Open or short-circuit stubs in a strip (microstrip)
transmission line are one of the most common elements
of planar circuits used in numerous devices in the
microwave frequency range: various types of filters,
couplers, power amplifiers, antennas, sensors, wireless
energy transfer systems, etc. Modern planar circuits in
the microwave frequency range already contain stubs
of a complex shape and a complex pattern inside the
microstrip line [1-8].

The scattering characteristics of ordinary
rectangular stubs in a microstrip line are -easily
determined by transmission line theory by which
calculates the input admittance of the stub. A more
accurate analysis of such discontinuity, which considers
edge and other effects of a microwave circuit with an
open or shorted stub, is already a difficult problem of
applied electrodynamics. Given the computing capabi-
lities of modern computer technology, complex planar
circuits are analyzed using commercial programs by

numerical methods, mostly by the moments method
followed by the construction of an equivalent dis-
continuity circuit [1-8]. Rigorous analysis of stub
discontinuities in strip and microstrip lines can be
carried out using the mode matching method, which is
based on the decomposition method and describes the
field in them by the eigenwaves of each partial region.
But that is a cumbersome method.

More promising for rigorous analysis of such
discontinuities, in our opinion, is the transverse
resonance method, which was introduced by Sorrentino
and Itoh [9] and allows analyzing complex structures
without breaking the microwave circuit into small
elements. The idea of the method is that there is a
relationship between the eigenfrequencies of the volume
resonator, in which the discontinuity is located, and
the scattering matrix elements on this discontinui-
ty. The transverse resonance method is a universal
method for analyzing waveguide and planar circu-
its, which calculates both the dispersion characteri-
stics of regular transmission lines and the scattering
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characteristics of unregular distributed circuits [10-
17]. Using the example of the periodic structures
scattering characteristics [18], it was shown that for
symmetrical in the transverse direction discontinui-
ties, the intersection points of the eigenfrequency
spectra obtained from the solutions of boundary value
problems with two different conditions in the symmetry
plane directly indicate the zeros or poles of the scatter-
ing characteristics. We are talking about the conditions
of the electric and magnetic walls (e.w. and m.w.) in the
symmetry plane and on the longitudinal boundaries of
the resonator, according to which the boundary value
problems with such boundary conditions will be called
“electric” and “magnetic” boundary value problems,
respectively.

The application of the transverse resonance method
for the analysis of discontinuities in planar transmi-
ssion lines (including those of complex shape) requi-
res the development of algorithms for calculating the
resonance frequencies of a volume resonator with dis-
continuity and finding an effective basis for the series
expansion of the current density on the strip or the
electromagnetic field distribution in the slot resonator
[19]. In [20], the transverse resonance method was
developed for analysis of step discontinuity in a mi-
crostrip line, where a basis of orthogonal Chebyshev
polynomials was used to algebraize the boundary value
problem for describing the current density in the
transverse direction. In the case of stub discontinuity,
this approximation is not sufficient, and it is necessary
to build basis functions considering the distribution of
the current density on the open or shorted sections
of the transmission line. Thus, to solve the boundary
value problem for the microstrip stub, the current
density function must be described through the series
expansion in two mutually perpendicular directions.

The work aims to develop an analyzing technique
for distributed discontinuity in the form of an open or
shorted stub in a strip (microstrip) transmission line
by the transverse resonance method, using orthogonal
polynomials to describe the current density on the
strip.

1 Formulation and solution of
boundary value problems

The topology of the two-layer planar structure
under consideration is provided in Fig. 1, which shows
a symmetrical open stub in a microstrip transmission
line. According to the transverse resonance method, to
determine the resonant interaction frequencies of the
fed transmission line 1 with discontinuity 2-3, the two
boundary value problems with electric and magnetic
wall conditions (e.w. or m.w.) in the plane of symmetry
z = 0 must be solved. At the resonator boundary z = L
the conditions of an electric or magnetic wall must also
be fulfilled.
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Fig. 1. Topology of a symmetrical open stub in a mi-
crostrip line (a) and cross section of a microstrip line (b)

Consider the solution of the boundary value
problem for the current density fT of a microstrip
resonator expressed in terms of magnetic type vector
potentials Jp, , (z, 2):

P
- 1
Jr (z,2) = T Z VJhn(z,2) Chn, (1)
“ho n=1
where kg = wo/c, Jp,n are eigenfunctions of the

magnetic vector potential for the current density, Cp, »
is unknown expansion coefficient, P is the order of
series reducing.

The electromagnetic field components in the shi-
elded structure satisfy the Helmholtz equation, that is,
the wave equation in Cartesian coordinates. However,
the current density function in a microstrip line has
singularity at the thin edges of the strip, so Chebyshev
polynomials T,,(z) = cos(narccosz) of the first kind
are used to describe it, which have a weight functi-
on 1/v/1 —z? that corresponds to the singularity of
the field behavior on the thin edge and satisfies the
proper differential equation. Chebyshev polynomials of
even order Ty, (x) correspond to the symmetry of the
fundamental wave of the microstrip line (the condition
of the magnetic wall at x = 0), and polynomials of
odd order Tb,11(2) (the condition of the electric wall
at z = 0) correspond to waves of a higher type, which
are usually reactive in the microwave frequency range,
i.e. do not propagate. A detailed description of the
formulation and solution of boundary value problems
for vector potentials with corresponding boundary
conditions can be found in [20].

Considering the above, the two-dimensional functi-
on for the magnetic vector potential Jy ,(x, z) of the
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“electric” boundary value problem in partial regions

1-4 can be presented in the form:

M
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k21 6 = Xim — (3)’;721) , X3, are eigenvalues of the ei-
genfunction Jj, ,, (z, z), which is found from the soluti-
on of the boundary value problem.

From the continuity conditions of the functions on
the partial domains boundaries and considering the

where |z]| < w1 /2, 2| < we/2, k2,

kzlk COS (kzlkw2/2)

z
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Equating the determinant of SLAE (3) to zero,
we obtain a spectrum of eigenvalues x3, and, accor-
dingly, eigenfunctions for the magnetic vector potential
Jhn (2, 2), which determines the components of the
current density on the strip. Expressions for matrix
elements in (3) have the form:

basis functions singularity, a system of linear algebraic Pk _ tank.1xl | tan (ka1pwe/2)
equations (SLAE) is obtained in the form: e (Ke1) = o1k o1k ’
ZA4lm Flk( zlk 5km Z F Sl anQ nm‘| =0.
m=0 2n Fon (o) = cot kginls  cot (kpinwi/2)
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2,kn —

where Ji(z) are ordinary Bessel functions of the
1st kind, Iy (z) are modified Bessel functions of the
1st kind, which emerge from the relation Jof (iz) =
(fl)klk (z). The expansion coefficients A41,m, A4om
of the functions according to the polynomial basis are
calculated with accuracy up to some constant factor,
which is determined from the normalization condition
of the magnetic potential basis functions:

/ VT, 2)2dS =12, / J2 (2, 2) dS=1.
SmsL SmsrL

w2\/— 12k+1(|kzlnlw2/2) 2n_’
\/:1 2000 Tz T cosh (hern w2 /2) 2 Xhm < 0,72

It is worth noting that the “electrical” boundary
value problem also has a solution by x5, = 0, which
must be considered by rigorous solving the problem for
the rectangular volume resonator eigenfrequencies.

For the “magnetic-electric” boundary value
problem, that is, under the condition of a magnetic wall
in the symmetry plane z = 0 and an electric wall on the
longitudinal boundary z = L, the magnetic potential
eigenfunctions in partial regions 1-4 can be determined
as:

sink,1x (L — 2)

= E o ()

ko1k coskyipl



Paccoxina 0. B., Kpmxanoscexuit B. I

2 4 — 26 z
Jhg(x,z):ZAQM/wiz‘/ - kOTZk <w2 5
k=0

cos kg (Ls — )
kwlk sin kwlkls

2 [4-—26 z
Jns (2, 2) = E Az [ —1/ 0 T, (
prt V ws T w

) coskyix (Ls + )
ki sin kgipls

cosk 12

4—24
Jha (2, 2) Zl‘hlk\/ -\ kOT% ( NG >

ko1 sin (kzipwe/2)

cos kp1xT

N e R )

2
where k?l,k = X%n - (w1/2 ) kxl k X%LTL - (w§]/€2 ) -

The SLAE for determining the eigenvalues and
coefficients of the expansion into series of the magnetic
potential has the form:
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tank,1xl  cot (k,1pwso/2
Flk (kzlk) = k' L - ( klk 2/ )7
z1lk z1k
cot kpinls  cot (kpinwi/2
F2n (krln): A ! ( kl 1/ )7
xln zln

w
Slkn (kzln) = w*; V 2 — (5k0\/ 2 — (Sn() X
ko J2 (kxlnwl/2)

-1
x(=1) kypin sin (kg1nwy/2)’

2 2= 60) (2 — 610) ¥

w1

ko Jok (kzinwe/2)
kzln sin (kzlnw2/2) .

In the same way, the two-dimensional functi-
on of the magnetic potential is defined for the
boundary value problem with boundary conditions of
the magnetic wall in the plane of symmetry and on
the longitudinal boundary of the volume resonator
(“magnetic” boundary problem).

Boundary value problems solving for current densi-
ty eigenfunctions in an irregular microstrip line is used
for problem solving for rectangular volume resonators
with discontinuity. In this case, the discontinuity is
an open capacitive stub in the microstrip transmission
line. According to the transverse resonance method, the
points of spectral curves intersection, corresponding
to the solutions of the electric and magnetic-electric
boundary value problem, determine the minimum
transmission coefficient points, that is, the rejecting
frequencies of the main signal. And the points of
intersection of these spectral curves determine the
minimum points of the reflection coefficient.

SQk,n (kzln) =

x (—1)

kzigsin (kzipwi/2)’

The electric and magnetic vector potentials of a
rectangular volume resonator are presented in the form
of double Fourier series:

N N
Aeyi = Z Z Gmn (2, 2) Feiymn (Kyi.mn),
m=1 n:l(O) (5)
Apy,i = Z Z G (2, 2) Frimn (kyiomn);
m=1n=0(1)
where kyl n = kéeri — X2, i=1,2 is a partial area

number, N is order of series reduction.

The coupling integrals ap’, ... By, e between
a strip resonator with discontinuity and a volume
resonator are calculated by the formulas [20]:

o /S Vg (2, 2) [Vibun (2, 2) % €] dS,
MSL

B}T%mn :/ v‘]th (‘Ta Z) Vémn (Ia Z) ds,
SmsL
(6)

where Y., ¢mn are basis functions of the electric
and magnetic vector potential of a volume resonator
(kgm =7 (2m — 1) /2A, k,,, = mn/L, for the “electric”
and “magnetic” boundary value problem or k,, =
7 (2n — 1) /2L for the magnetic-electric problem):

b (22) = {

P,y coskymxsink,,z, ew — ew
Pncoskymxcosk,,z, mw—muw’

P sinkgxcosk,,z, ew — ew
Yimn (x Z) =
2—90,0 1

Ponsinkg,xsink,,z, mw — mw’
/2
Pon =1/ —
mn A L an bl

According to the transverse resonance technique,
the scattering matrix elements on a symmetric dis-
continuity are calculated from the solutions of two
boundary value problems of e.w.—e.w. and m.w.—e.w. for
the resonator with respect to its longitudinal dimension
l;, i = 1,2, by the formulas:

Si1=—(T1+Tg) /2,
S = (1 —Ty)/2,
where I'jg) = exp (Zj,Ble(g)), B, is the propagation

constant of the fundamental wave of a regular mi-
crostrip transmission line. By module, the scattering

(7)
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matrix elements are determined by the difference in the
longitudinal dimensions of the volume resonator with
discontinuity:

|S11] = |eos B (1 — l2)],
|S12| = |sinﬁz (ll — lg)| .

2 Algorithm testing and results
of symmetric open stub
analysis

The algorithms were developed and tested on the
example of a two-dimensional planar structure on a
Ro03010 laminate (Rogers RO3010 advanced circuit
materials are ceramic-filled PTFE composites that
offer a higher dielectric constant with excellent stabi-
lity) with a thickness of h=0.635 mm with dielectric
constant e, = 10.2, the width and height of the
grounding volume resonator are equal, respectively
A = 15.0 and b; = 8.0 mm, other parameters of
the structure: w; = wy = w = 0.58 mm (the
characteristic impedance of the main transmission line
is Zp = 50 0hm). With a constant number M of basis
functions from orthogonal polynomials (2) considered
and reduction of series (1) by eigenfunctions of vector
potentials up to P=3, sufficient algorithm convergence
is observed when reduction of series (1) up to N=300.

Eigenfunction numbers of a strip resonator with
a symmetric open stub of length [, = 10.5 — w/2
mm, which were obtained from solutions of three
boundary value problems, are shown in Fig. 2. In
the first approximation, the wave numbers of the

“electric” resonator correspond to the values Xﬁf:") =

mn/ L, for the magnetic-electric problem x (™" ¢ =

(m.w.) _

mn/2 (L + 1) and for the magnetic problem x;
mn/ (L +1s).
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Fig. 2. Eigenvalues xp,, of magnetic potential basic

functions Jj, ,, for a strip resonator with a symmetrical

open stub, obtained from the solutions of the “electri-

cal”, “magnetic-electrical” and “magnetic” boundary
value problems

According to the transmission lines theory, the
input conductivity of a symmetrical open stub is equal
to:

Yin = 2.7Y0 tan 937

where Yy = 1/Zy, 0, = “l,x, x is the wave delay
factor, which for this material is equal to about y =
2.62. Resonant frequency of the stub with length I
(that is, the frequency at which the electric length is
0s = m/2) calculated by transmission lines theory is
fres = 2.85 GHz.
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Fig. 3. Spectrum of eigenfrequencies of athree-

dimensional rectangular resonator based on an mi-

crostrip line with a symmetrical open stub, obtained

from the solutions of boundary value problems with

parameters (inmm): w = 0.58, I = 10.2 (a) and its

corresponding scattering characteristics on discontinui-
ty (b)

Figure 3a shows the spectra of the resonator’s
eigenfrequencies obtained from solutions of three
boundary value problems for a volume resonator with
discontinuity in the form of a symmetric open stub in
a microstrip transmission line. The intersection point
of the spectral curves of the electric and magnetic-
electric boundary value problems corresponds to the
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frequency at which the minimum of the transmissi-
on coefficient is observed Ss; (about 3.08 GHz), and
the point of intersection of the spectral curves of
the “electric” and “magnetic” boundary value problems
corresponds to the minimum of the reflection coefficient
S11 at frequency about 5.8 GHz. The corresponding
scattering characteristics on a symmetrical open stub,
calculated by the transverse resonance method, are
shown in Fig. 3b. To obtain the scattering matrix
elements, the spectral curves were approximated by
a rational function of the form f,.s (z) = 1/Q. (),
when @, (z) is a m-order polynomial, m=9.

Thus, according to the results of numerical
calculation, a physically correct result was obtained
for the scattering characteristics on a symmetrical
stub in a microstrip transmission line, considering
high-frequency effects, namely dispersion and marginal
capacitance of the open stub.

In Fig. 4 the dependence of the resonance frequency
and the derivative of the spectral characteristic on
the stub width is shown. As expected from physical
considerations, the frequency of resonance reflection
increases with the ratio w;/we increase, and the Q-
factor of the resonance characteristic, on the contrary,
decreases.

e ew-ew, Is=7.5
5,5 oo NN N — mw-ew, w2=w1/2
: — mw-ew, w2=w1
— mw-ew, w2=2w1
© e mw-ew, w2=3w1l
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» »
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[=}
,
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Fig. 4. The eigen frequency spectrum of a three-
dimensional rectangular resonator based on a mic-
rostrip line with a symmetrical open stub, obtain-
ed from the solutions of “electrical” and “magnetic-
electrical” boundary value problems with parameters
(in mm): wy = 0.58, I; = 7.5 depending on the stub

Conclusion

A technique for analyzing of open stubs in a
microstrip transmission line by transverse resonance
method is proposed. To implement the method, the
problems for the eigenfunctions of the strip resonator’s
current density with a symmetrical open stub were
previously solved under the condition of an electric and

magnetic wall in the symmetry plane and on the longi-
tudinal boundary. To determine the eigenfunctions of
the current density, a basis of orthogonal polynomials
was used, which ensures fast convergence of algo-
rithms for the numerical calculation of eigenfunctions.
The obtained solutions were used for the algebrai-
zation of boundary value problems on the resonance
frequencies of a volume resonator with discontinuity
and, accordingly, for the calculation of the scatter-
ing matrix elements on a symmetric open stub by
the transverse resonance technique. The algorithm
was tested by calculating the scattering characteri-
stic on a symmetrical microstrip open stub with a
resonant reflection frequency of about 3 GHz. The
obtained algorithms can be applied to the analysis
and development of civil and special-purpose devices
in microwave frequency range.
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Meroa monepevHOro pe30oHaHcy AJid aHa-
JIi3y CHMETPUYHOro mnuieiipy y cmMy»KKOo-
Biif JIiHil mepenaui

Paccoxina IO. B., Kpuscanoecvruti B. T

Pozimkreni abo KOpOTKO3aMKHEHI mjieitdn y cMyxK-
KOBi#f (a60 MIKpOCMY»KKOBiii) JsiHII TIepesavi € OgHUMU 3
HANIOIMMPEHIMUX €JeMEHTIB IIJIAHAPHUX CXEM, IO BHKO-
PUCTOBYIOTHCSI ¥ UMCJIEHHUX MPUCTPOSIX MiIKPOXBUJILOBOTO
mianazony dactoT. CyvacHi ITaHAPHI CXeMU MiKPOXBHJIBO-
BOTO [lama30Hy MICTATH BiKe muieiidu ckmaamaol dbopmm
Ta CKIaTHWI puCyHOK (pattern) Bcepemawmi camoi MiKpo-
cmy2kkoBol siHil. ToMy akTyapbHOIO 33a%I€I0 € PO3pPOOKa
MeTO/Iy aHaJIi3y HEOMHOPITHOCTe!l THUIly 3aMKHEHOro ado
po3iMkHeHOTO mIIeidy y MiKpOCMY»KKOBiil miHil mepemadi
Ha YaCTOTaX, Ha AKHX Teopid MOBIUX JIHIN BiKe Ma€ CyT-
TeBi TIOXMOKM 1 BxKe Tpeba BPAXOBYBATH BUCOKOYACTOTHI
(kpaiiosi) edextn. Cepem iCHYIOUMX METOIB aHAIZY HEO-
JHOPITHOCTEN BUALISAETHCI METO/I ITOTIEPEYHOT0 PE30HAHCY,
3a SKUM HEOJHOPITHOCTI y MIAHAPHUX CXEMaX AaHAJII3yIo-
ThCS TLIKOM, 6€3 po30UTTS BUXIITHOI 00JaCTi Ha YACTKOBI
06tacTi.

B poGoti maBemeHo MeTOAWKY PO3PAXyHKY XapakKTe-
PHUCTHK PO3CIfHHS HA CHMETPUIHOMY MiKPOCMYKKOBOMY
mineiidi 3a MeTomOM TomepedHoro pe3oHaHcy. Po3s’azamo
KpailtoBi 337349l /st IPSIMOKYTHOTO O0’€MHOTO PE30HATODY
Ha 0a3i MIKPOCMY?KKOBOI JIiHII mepemadi i3 CHUMeTPUIHAM
PO3IMKHEHUM NIeii(hOM /15T TPHOX PI3HUX IPAHUTHUX YMOB
y miommHl cuMeTpil Ta HA MO3/I0BXKHIX rpaHursax. Jlas
asredpaizalil KpaoBuX 3a/a49 Ha BJIACHL YaCTOTH PE30HA-
TOpPY i3 HEOIHOPITHICTIO MOOYIOBAHO BIATOBITHI TBOBUMIpHI
GbyHKIIT MArHITHOTO MOTEHIAIy, depe3 sKi PO3PaxOoBYIO-
TbCA KOMIIOHEHTH TYCTHHH CTPyMy Ha cMmyKii. @yHkmil
MarHITHOTO IMOTEHIaIy Oy/In 3amucani dYepe3 pO3KJIQ TaHHST
iX y psau 33 OPTOTOHAJIBHUME MOiHOMAMHU 1eOuIioBa, ki
BPAXOBYIOTH IIOBEIHKY II0JIsS HA TOHKOMY pebpi Ta 3abe3me-
9yI0Th MIBUAKY 301KHICTH CAMUX DSIiB Ta AJICOPUTMY B IIi-
nomy. ITobymoBani aaropuTMu MpOTECTOBAHI 33 JTOTIOMOTOI0
PO3PaxyHKy XaPAaKTEPHUCTUK DPO3CISHHS MIKPOCMYKKOBOIO
ey 3a METOIOM IIOIEPEeTHOr0 PEe30HAHCY HA IPUKJIa-
i TUTAHAPHOI CTPYKTYPH i3 CHMETPUYHAM PO3IMKHEHUM
nureiioM y MIKPOCMY?KKOBii jiHil mepemadi i3 9acToToio
pesomnancHoro BinourTs 61u3bk0 3.0 I'T'. Kpim Toro, metor,
OyB IPOTECTOBAHWII HA MPUKJA/L YNCETBHUX PO3PAXYHKIB
3aJI€2KHOCTI 9aCTOT PE30HAHCHOI'O BiIOMTTS PO3IMKHEHOIO
ey Big fOoro mupuHA.

Karouosi caosa: MIKPOCMYKKOBA JIiHiIA; PO3IMKHEHUH
meiid; MeTo/I IOTIepeTHOr0 PE30HAHCY; PE30HAHCH] 9acTO-
TH; MAQTPHUILS PO3CISTHHS
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