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The use of nonlinear frequency modulated signals in radar technology is due to the possibility of reducing the
maximum level of the side lobes of their autocorrelation functions compared to linear frequency modulated
signals. One of the promising areas of development of the theory of synthesis of signals with nonlinear
frequency modulation is the study of a thin signal structure that is distorted when switching to a new signal
fragment. In particular, it was found that jumps in instantaneous frequency and phase at the boundary
between fragments cause additional distortions in the frequency-phase structure in subsequent fragments.
These phenomena had previously been ignored by researchers. Previous work on the development and study
of mathematical models of nonlinear frequency-modulated signals has revealed regularities that describe the
change in the frequency-phase structure of the next fragment when the value or order of the oldest derivative
of the instantaneous phase function changes. It is found that the number of components in the distortion
spectrum is determined by the order of this derivative: for phase distortions — according to its value, for
frequency distortions — by one less. Constant components have a physical interpretation and correspond
to jumps in instantaneous frequency or phase at the boundary of fragments. The structure of the paper
is determined by the research logic. The first section of the paper analyzes the available publications and
shows that there is no research in this area. This substantiates the expediency and relevance of the research
task set forth in the second section. The third section is devoted to the theoretical substantiation of the
main provisions: the calculation expressions for determining the components of frequency-phase distortion
in cases where the order of the instantaneous phase function does not change with the transition to a
new fragment, increases by one or two. In further research, it is planned to consider the case when the
order of the instantaneous phase function decreases with the transition to the next fragment of a nonlinear
frequency-modulated signal.
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Introduction

The modernization of existing and creation of new
models of radar equipment is associated with the wi-
despread introduction of complex sensing signals based
on the use of intra-pulse modulation (IPM) of their
instantaneous frequency or phase. Among them, linear-
frequency modulated (LFM) signals have become wi-
dely used, but their significant drawback is the relati-
vely high maximum level of the side lobes (MLSL) of
the autocorrelation function (ACF), which is approxi-
mately 13.5 dB relative to the maximum level of the
main lobe (ML) of the ACF [1-9].

One of the directions of work on reducing the
MLSL of ACF of frequency-modulated (FM) signals

is the development and implementation of mathemati-
cal models (MM) of signals with nonlinear frequency
modulation (NLFM), which can consist exclusively of
LFM fragments or contain fragments with different FM
laws from the linear one [10-31].

The research conducted by the authors of this arti-
cle on the development of new MM NLFM signals has
revealed previously unknown patterns that arise in the
synthesis of such signals. In particular, it was proved
that in a multi-fragment NLFM signal, instantaneous
frequency and phase jumps occur at the junctions
between fragments. These jumps cause a distortion
of the resulting amplitude-frequency spectrum (AFS),
which, in turn, leads to a distortion of the ACF and
can cause an increase in the MLSL [29-35].
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The results of studies of MM NLFM signals, which
include not only LFM fragments but also fragments
with quadratic (QFM) or cubic frequency modulation
(CubFM), made it possible to identify and formulate
generalizations common to all cases of using power laws
of FM in IPM fragments. These generalizations relate
to the determination of the composition and magnitude
of frequency-phase distortions in the signal fragments
following their junction [33-35].

In this paper, we analytically substantiate the exi-
stence of regularities that condition the appearance of
additional components of instantaneous frequency and
phase distortion in the fragments of the NLFM signal.
This phenomenon occurs not only due to jumps in
these parameters at the moment of transition between
fragments, but also as a result of deeper changes in the
frequency-phase structure of the signal.

1 Analysis of research and publi-
cations

The stages of development of radar technology
to the modern level and the peculiarities of its
implementation are discussed in detail in [1-9], which
indicates a continuous improvement of the systems for
generating sensing and processing received signals. The
transition from simple to complex radar signals made
it possible to reduce the peak power of transmitting
devices by increasing the duration of radio pulses.
At the same time, the realization of the echo-signal
compression effect in the coordinated filter of the radio
receiver provided the necessary range resolution.

One of the directions of further improvement of
radio systems for various purposes is to reduce the
MLSL of ACF signals with IPM, for which NLFM
signals are widely used [3,4,10-35].

A considerable number of publications are devoted
to the synthesis and processing of NLFM signals. In
particular, they consider their applications in detecting
and tracking airborne objects [3,4,10-35], in air- and
space-based radio engineering systems [36-39], in medi-
cal diagnostics (ultrasound imaging) [40,41], sonar [42],
and in the field of electronic warfare [43].

The main efforts of researchers are aimed at
reducing the MLSL of ACF signals with NLFM. For
this purpose, both single-fragment and multi-fragment
versions of the results of their synthesis are proposed,
which involve the use of modulation functions with
an S-shaped law of instantaneous frequency change
[3, 18, 2225, 32]. Such a law can be realized on the
basis of trigonometric functions [18] or polynomials of
varying complexity [32].

The effect of such modulation is manifested in a
change in the frequency response rate (FRR) at the
edges of the spectrum, which leads to a rounding of
the AFS of the signal. This is equivalent to applying
weighting in the time domain [44-46].

Rounding of the spectral shape can also be achi-
eved by sequential synthesis of LFM fragments with
different FRR, for example, when one of the two-
fragment or two fragments of a three-fragment signal
has a higher FRR than the others [4,13-17,19,27,29-
31,33-36].

In [29-31,33-35] new MM NLFM signals consist-
ing of LFM fragments and also including fragments
with nonlinear FM were proposed. Unlike the known
ones, these variants of the models provide special
compensating components that reduce the effect of
instantaneous time and phase jumps at the junctions of

fragments, which in turn contributes to the reduction
of the MLSL of ACF signals.

It was found that in the case of using LFM
fragments, the main reason for the occurrence of
frequency-phase jumps is the change in the frequency
response during the transition between them. Further
studies of MM NLFM signals containing combinati-
ons of LFM-LFM, LFM-QFM, and LFM-CubFM
fragments [33-35] revealed regularities on the basis
of which a method for detecting and compensati-
ng for frequency-phase distortions at the junctions
of fragments was developed. This approach has not
been previously considered in the known sources of
literature.

2 Formulation of the research
task

The aim of this work is to develop an analytical
method for calculating and compensating frequency-
phase distortions arising in NLFM signals containing
combinations of fragments with different frequency
modulation laws.

The achievement of this goal necessitates the
following interrelated tasks:

— analytical research of the peculiarities of
frequency-phase distortion formation at the junctions
between fragments in NLFM signals of the LEM-LFM,
LFM-QFM, and LFM-CubFM types;

— derivation of mathematical dependencies describ-
ing the nature of changes in instantaneous frequency
and phase arising from transitions between fragments
with different frequency modulation rates;

— structural analysis of the obtained dependencies
and compensation of the existing distortions based on
the use of special compensating components in the
signal model.

Thus, each of the tasks is directly aimed at the
step-by-step realization of the overall goal of the study,
i.e., improving the quality characteristics of NLFM
signals by eliminating the influence of interfragment
distortions.
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3 Description of the research
material

3.1 Determination and compensation

of the frequency and phase distorti-
ons of the MM of the current time
of the NLFM signal as part of two
LFM fragments

Paper [33] shows that frequency and phase jumps
occur at the junctions of LFM fragments caused by
an instantaneous change in the frequency response
at the moment of transition from the first fragment
to the second, which is the first derivative of the
instantaneous frequency and, accordingly, the second
derivative of the instantaneous phase, where n = 1,2
is the number of the LFM signal fragment:

dfn(t)
() = 22

Let us consider in more detail the current time MM
of a three-fragment NLFM signal introduced in [33].
For the purpose of this study, we will limit ourselves to
its first two fragments.

A distinctive feature of this MM from the known
ones [4, 10, 14-17, 19, 26, 27] is the presence of
compensation components that take into account the
occurrence of a jump in instantaneous frequency and
phase at the junction of fragments caused by the
change in the FRR from (; to 8. For further analysis,
we present the MM record for both the instantaneous
frequency (1) and the instantaneous phase of the
NLFM signal (2):

_Jfotpt, 0<t<T;
f(t)_{fowgt—(ﬁg—ﬁl)ﬂ, Ty <t<Ti+Ty, W
f0t+617t2, 0<t<Ti;
() = 2m [f0+(52—51)T1]t+622t - fl)Tl’
T <t <Ti+Ts,
(2)

where fj is the initial frequency of the NLFM signal;
B1, Bs is the frequency modulation rate of the first and
second LFM fragments, which is equal:

AL, AR
61*T1a ﬂQiTg’

where A f1, A f5 is the deviation of the frequency of the
corresponding LFM fragment; T}, T5 is the duration of
the first and second fragments of the NLFM signal.

The compensation components of frequency-phase
distortions at the junction of fragments for the
instantaneous frequency are described by the second
expression in (1) and, respectively, in (2), for the
instantaneous phase.

That is, at the junction of the fragments, due to the
change in the frequency domain, there was a jump in
the instantaneous frequency, to compensate for which a
component was introduced into the second expression

of MM (1):
df12 = (B2 — B1)T1. (3)

Similarly, the second expression of MM (2) has two
compensating components, a linear one:

dfrot =T1(B2 — Bi)t (4)

and constant:
(5)

Components (3), (5) are constant values and have
the physical essence of a jump in instantaneous
frequency and, accordingly, phase at the junction of
the NLFM signal fragments.

For the situation under consideration, i.e., in the
presence of only LFM fragments, the change in the
instantaneous phase of the signal occurs according
to the quadratic law, i.e., the instantaneous phase
function has two time derivatives: the instantaneous
frequency f(t) = dyp/dt and the FRR fSn = df,,/dt =
d*¢, /dt? = Af,/T,. The frequency response, which
is the oldest derivative of the instantaneous phase of
the LFM signal, is a constant value for each signal
fragment.

Let us write the MMs of instantaneous frequency
and phase (1), (2) using the definition of the FRR:

dp12 = %Tf(@ — B1)-

f0+/51dt:f0+51t, 0<t<Ty;
y

I(t) = fo+Af1+/ﬁzdt =fo+Afi1+B2t+C1, (©)
t
Ty <t <Ti+ 1Ty,
f0t+//ﬁldt2=fot+%ﬂ1t2, 0<t<T
t
p(t)=2m (f°+Afl)t+//ﬁ2dt2 -
¢

1
= (fo+Afi)t+ 552752 + Cit + Co,
T <t<Ti+T5.

(7)
The absence of constant integrations in the first
expressions of MM (6) and (7) is due to the zero initial
conditions for these components.
A comparative analysis of (1),(2) and (6),(7),
respectively, allows us to establish the following defi-
nitions:

Ci1 = —(p2 — B1)Th;
Cit = =T (B2 — B1)t;

1T12(52 — B1)-

02:*5
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Thus, it can be concluded that the integrati-
on constant (7 has the physical essence of an
instantaneous frequency jump at the moment of transi-
tion from the first LFM fragment to the second, the
value of C5 has the physical essence of an instantaneous
phase jump at the junction of fragments, and the
product Cit forms an additional linear increase in
the instantaneous phase caused by a frequency jump,
which also needs to be compensated.

From the analysis of (1), (6) and (2), (7), it follows
that when synthesizing an NLFM signal from two
LFM fragments, the instantaneous phase expression
of the second fragment will include two compensation
components — a linear and a constant one. The linear
component has the physical essence of an additional
increase in the instantaneous phase due to a frequency
jump at the junction of the fragments, and the constant
component is equal to the value of the phase jump that
occurs as a result of the specified frequency jump. The
total number of frequency-phase distortion components
is equal to the number of instantaneous phase derivati-
ves. The instantaneous frequency function for the case
of using the LFM has one derivative and, as a result,
one compensation component in the instantaneous
frequency expression (6) of the second LFM fragment.

It should be noted that the structural feature of the
frequency-phase distortion components is the presence
of constant integrations in their expressions, while the
other terms determine the change in frequency-phase
parameters in accordance with the given FM law.

3.2 Determination and compensation

of the frequency and phase distorti-
ons of the current time MM of a
two-fragment NLFM signal as part
of the LFM and QFM fragments

The experience of developing MM NLFM signals
for the case when one of the fragments has a different
FM law from the linear one indicates the presence
of law-dimensions that have not been considered in
well-known academic sources.

The essence of these patterns can be explain-
ed by the following considerations. The analysis of
MM (6),(7) of the previously considered NLFM si-
gnal consisting of two LFM fragments allows us to
conclude that in order to find the components of
the instantaneous frequency and phase expressions,
as well as to calculate the frequency-phase jumps
at the junction of the fragments, it is necessary to
determine the oldest derivative of the instantaneous
phase of the signal, which is a constant value. Younger
derivatives are found by integrating the oldest one,
and therefore have a power law dependence on time.
These derivatives provide the determination of both
fundamental and compensation components, such as
linear, quadratic, and cubic for the instantaneous phase
of the QFM fragment, the number of components for

the instantaneous frequency and their degree is one
less.

The existence of this regularity is confirmed by the
example of the development of the MM of the current
time of the NLFM signal as a part of the LFM and
QFM fragments [34].

To simplify further mathematical calculations, we
will consider only the second fragment of the NLFM
signal without specifying its time intervals.

Provided that the instantaneous frequency of the
second fragment of the NLFM signal changes in
accordance with the quadratic law fo(t) = F(t?),
the value of the FRR will change linearly in time.
By analogy with the theory of motion of physical
objects, the derivative of the FRR is denoted as the
FM acceleration (FMA). Let’s apply the concept of
the FMA to the third derivative of the instantaneous
phase, which in this case has a constant value:

d>ps(t)
a3

Qo =

Then the instantaneous frequency of the second
fragment:

falt) = fo+Af +//a2dt2 -

2 T?
— —Tit+ =),
STt ). ©

f0+Af1+062<

The composition of (8) includes constant integrati-
ons (7, C, which are found based on the initial
conditions ¢t = T;:

C1 = aot|,_q, = aoTh;

2 T2 (9)
Cy=0f12 = ary =04271-
t=T1
The definition of integration constants is

mandatory, since the component (9) is actually equal
to the value of the frequency jump at the junction of
the NLFM signal fragments. The analysis of (8) shows
that the formation of instantaneous time-total values
occurs with the participation of three components:
quadratic, linear, and constant.

By integrating (8), we find the instantaneous phase
of the second signal fragment:

3 2 3

@Q(t)—%{(fwAfl)Haz <%T21t2+1;1t%)} .

(10)

The new integration constant has a physical

interpretation as the value of the instantaneous phase

jump at the moment of transition between fragments
[34]:

3

T
C3 = 6p12 = ap—.

. (1)
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To make (8)—(11) usable, it is necessary to find the
FMA a3, which is determined from the relation:

Afo =g //dt,
Ts

where: N,
2
= . 12
Q2 T22 ( )
Substitution of (12) into (8)—(11) provides the
necessary calculation relations for mathematical

modeling in accordance with (8), (10).

The presented variant of MM (8), (10) implements
the increasing law of frequency change and provides
compensation for frequency and phase jumps at the
junction of fragments caused by the presence of FMA.

The results of testing the performance of these MMs
are presented in [34].

3.3 Research of frequency-phase di-

stortions based on the MM of the
current time of a two-fragment
NLFM signal of the LFM-CubFM

type

The transition to the cubic law of the FM in the
second fragment of the NLFM signal causes the ti-
me dependence of the FMA derivative, and the next
derivative will no longer depend on time, and then, in
accordance with the theory of motion, we will use the
name “jerk” FM (JFM) for it [35], i. e:

o dOéQ(t) o d4g02(t)
Codt dt?

Thus, for the case when the second fragment of
the NLFM signal has a CubFM, we have the deri-
vatives of the instantaneous phase functions from the
first to the fourth — fa(¢), Ba(t), aa(t) and ns. In this
case, the instantaneous phase depends on time to the
fourth power, the JEM is the oldest derivative and is
a constant with respect to which the time change of
the younger derivatives can be determined.

We assume that the frequency-phase distortion at
the junction of the first and second fragments is caused
by the fourth derivative of the instantaneous phase of
the second signal fragment, denoted by 7. Finding
as(t), B2(t), f2(t) and @o(t) by integrating 7, at each
stage must be performed with further definition and
taking into account the integration constants, since
they significantly affect the value of the frequency-
phase distortion.

Let us write down in general form the expressions
for f2(t) and @2(t) the CubFM fragment [35]:

f2(t) = fo+ Afr +///772dt3 =
’

t3
6

1
=fo+Afi+n +§Clt2+02t+03; (13)

QDQ(ZL) = 2’/T/f2(t)dt =

1 Cy 4 C
=or [(f0+Af1+C’3)t+24n2t4+61t3+22t2+04 .
(14)

The integration constants C;-C; are found by
determining the initial conditions. Each of these
constants has a corresponding physical interpretation.
The beginning of the second fragment of the NLFM
signal falls at the time ¢t = T3, at which the JFM 1y
causes a jump in the instantaneous frequency:

1
Cg = (5f12 = *772T13.

- (15

The frequency jump (15) causes additional linear
(16) and quadratic (17) frequency increments:

1
Cot = 5772T12t3 (16)

1
Clt2 = 5’)’]2T1t2. (17)
After substituting (15)-(17) into (13) for the
instantaneous frequency of the second fragment, we
obtain [35]:

3 T T? T3
T N R R I

The instantaneous phase jump at the junction of
Cy fragments is determined based on the same initial
condition as the yielding one:

1
Cy=6p12 = — T}

51 (19)

Substituting (15)—(17), (19) into (14) provides an
expression for the instantaneous phase of the CubFM
fragment [35]:

T3
a(t) = 2m Kfo +Af — 77261> t+
N T TR
\%1 7 76 4

). @

As in the case of the FMA ay (12), we will determi-
ne the JFM 7, with respect to the parameters of the
second signal fragment. To this end, based on (13), we
will find the frequency deviation of the fragment with

the CubFM:
Afa =772///dt37
T>

where we already have the JEM s:

6L
7]2* T23 .
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In expression (20), one of the components has a
physical interpretation of the instantaneous frequency
jump (15), and the other (19), when multiplied by 27,
is the instantaneous phase jump at the junction of the
fragments.

Taking into account the first expression of MM
(2), (14)—(21), we finally write the MM for the
instantaneous phase of the NLFM signal with the first
LFM and the second CubFM fragments, indicating the
time intervals for them [35]:

2
[fot'f‘ﬁlz], 0<t<Ty;

[(fo+ Af1 = dfi2) t+

tt o T? TR
+12 <246+ 1 )5<P12]a
T <t<Ty+1T5.

p(t)=27 (22)

Thus, the isolation of the JFM made it possi-
ble to synthesize the MM (22), which compensates
for both frequency and phase jumps at the junction
of the LFM and CubFM fragments and additional
phase distortions in the CubFM fragment itself by
introducing compensating components (15)-(17), (19).
The validation of the functional performance (22) was
performed in [35].

Conclusions

The paper proposes a method for determining the
magnitude and subsequent compensation of frequency-
phase distortions of two-fragment NLFM signals in
which the first fragment has an LFM, and the second
has one of three variants: a linear, quadratic, or
cubic law of instantaneous frequency change. Thus,
we investigate cases where the degree of the FM law
remains unchanged or increases by one or two orders
of magnitude when moving to the next fragment.

The development of the method became possi-
ble due to the establishment of regularities of
instantaneous frequency and phase jumps at the juncti-
ons of the NLFM signal fragments, both in the cases
of fragments with the same modulation law and when
they change. It is proved that the reason for the
appearance of additional frequency-phase distortions
is a change in the value of the oldest derivative of the
instantaneous phase, if the order of the derivatives in
the fragments coincides, or the appearance of a new
higher-order derivative in other cases.

The essence of the proposed method is that each of
the lower derivatives of the instantaneous phase causes
a corresponding distortion. The magnitudes of these
distortions are determined by sequentially integrating
the oldest derivative with the obligatory consideration
of integration constants. In particular, the number of
components of the instantaneous phase distortion is
equal to the order of the oldest derivative, the number

of components of the instantaneous frequency is one
less.

Thus, two components arise for the LFM fragments,
three for the quadratic fragment, and four for the
cubic fragment. In this case, the constant component
of phase distortion corresponds to the physical essence
of the instantaneous phase jump, and the constant
component of frequency distortion corresponds to the
instantaneous frequency jump.

A structural sign of the presence of distorti-
on is the appearance of a constant integration in
the corresponding analytical expression. The other
terms of the expression ensure the formation of the
instantaneous frequency and phase of the signal in
accordance with the given FM law.

The application of the proposed method is li-
mited by the conditions of differentiability of the
instantaneous phase function of the studied fragments,
as well as the requirement of a finite number of its
derivatives.

The obtained results can be useful for specialists
engaged in the development and research of systems
for the formation and processing of NLFM signals.

In future researches, it is planned to analyze
mathematical models of two-fragment NLFM signals
with the reverse order of fragments, i.e., from the
highest to the lowest degree of the modulation law.
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