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The frequency spectra and amplitude distributions of the natural oscillation fields of the same shape
and dimensions coupled dielectric resonator (DR) systems, located in one-, two-, and three-dimensional
rectangular lattices, are considered. Neglecting the coupling between non-adjacent resonators, general
analytical solutions are found for the linear homogeneous system of equations proposed earlier for describing
natural oscillations of coupled DR systems. An algorithm based on perturbation theory for solving systems
of equations of coupled oscillations of identical DRs is proposed, which allows reducing the solution to
the calculation of determinants of tridiagonal and pentadiagonal matrices. It’s shown that parameters of
coupled oscillations of rectangular structures are determined through simple distributions of amplitudes and
frequencies characteristic of Bloch waves of quantum particles in a periodic potential. Using the derived
general analytical formulas, the calculated frequencies are compared with the natural oscillation frequencies
obtained by numerical methods. For the first time, a general analytical solution is found for the distribution of
amplitudes and frequencies of a rectangular lattice with DR doubly degenerate types of natural oscillations.
It’s shown that in the case of zero coupling between degenerate oscillations of different types, the obtained
analytical formulas transform into expressions describing the oscillations of DRs in simple rectangular
lattices. General conditions are formulated, under which the solution of the equations for coupled oscillations
of DR systems can be found in analytical form. It’s shown that under the specified conditions, the distribution
of the amplitudes of coupled oscillations of identical DR lattices with degenerate and non-degenerate types of
eigenoscillations are interconnected to each other. In this case, a new method for calculating the amplitudes
and frequencies of coupled oscillations of DR lattices with degenerate oscillations is proposed. The obtained
formulas allow us to estimate in general terms the characteristics of the spectrum of eigenoscillations with an
increasing in the number of resonators. Several examples demonstrate a very good coincidence of the found
analytical and numerical results. The obtained theoretical conclusions significantly simplify the calculation
and optimization of scattering parameters of various communication devices in the microwave, infrared and
optical wavelength ranges, which are built based on the use of rectangular DR structures.
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Introduction

Rectangular lattices of dielectric resonators (DRs)
[1–22] are applied in various devices in the terahertz,
infrared and optical wavelength ranges, as well as in
filters [10, 16–22]; modulators [3–5]; lasers [1, 6] and
so on. The most widely used are one-dimensional
[15–17, 19, 21, 22] and two-dimensional [3–7, 12–14,
18], and more recently three-dimensional lattices [1,
2, 5, 8–12, 20]. Such lattices contain a large number
of DRs, which complicates optimization of their
scattering parameters. Usually, the calculation of
parameters of the lattice is performed by using numeri-
cal methods, which requires significant computer
resources. Meanwhile, in some cases, it’s possible to
obtain more simple analytical solutions to problems of
natural oscillations for systems particularly containing
a big number DRs. Obtaining analytical expressions

for such complex lattices of coupled DRs allows us to
significantly simplify their analysis and optimization.

1 Statement of the problem

The purpose of this article is to obtaining analytical
solutions and analyzes problems of coupled oscillati-
ons of one-, two-, and three-dimensional rectangulare
lattices of DRs with no degenerate and degenerate
oscillations.

2 Natural oscillations of DR

lattices

In the [25] it’s looked for a solution to the problem
of coupled oscillations of a system of 𝑁 DRs obtained
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in the form of an expansion their field (e,h) in terms
of the natural oscillations of the same, but isolated
resonators (e𝑠,h𝑠):(︂

e
h

)︂
=

N∑︁
s=1

bs

(︂
es
hs

)︂
. (1)

In general was obtained equation system for ampli-
tudes ‖b𝑠‖ (1):

N∑︁
s=1

𝜅st bs − 𝜆b𝑡 = 0 (𝑠, 𝑡 = 1, 2, . . . , 𝑁) , (2)

where

𝜆 = 2(𝜔̃ − 𝜔0)/𝜔0 = 2 (𝛿𝜔/𝜔0 + i 𝜔′′/𝜔0) ; (3)

𝜔̃ – complex frequency of coupled oscillations; 𝛿𝜔 =
Re(𝜔̃−𝜔0); 𝜔

′′ = Im(𝜔̃); 𝜔0 – real part of the frequency
of isolated DRs.

The distribution of the amplitudes of coupled osci-
llations of a system of identical resonators ‖b𝑠‖ was
formulated as an eigenvalues problem for a finite-
dimensional coupling operator K= ‖𝜅st‖:

𝐾 =

⎛⎜⎜⎜⎜⎜⎝
𝑖𝑘1 𝜅21 𝜅31 · · · 𝜅𝑁1

𝜅12 𝑖𝑘2 𝜅32 · · · 𝜅𝑁2

...
...

...
...

...
𝜅1,𝑁−1 𝜅2,𝑁−1 𝜅3,𝑁−1 . . . 𝜅𝑁,𝑁−1

𝜅1,𝑁 𝜅2,𝑁 𝜅3,𝑁 · · · 𝑖𝑘𝑁

⎞⎟⎟⎟⎟⎟⎠ ,

(4)
where 𝜅st are coupling coefficients of a 𝑠–th and 𝑡–th
DR. Diagonal elements of the coupling operator matrix
𝐾 determined only by the magnitude of the radiati-
on of 𝑠-th partial resonators, represented by coupling
coefficient 𝑘𝑠.

Equating to zero, the determinant of the system
(2),

det
⃦⃦⃦
𝜅st(1− 𝛿𝑠𝑡) + (𝑖𝑘𝑠 − 𝜆)𝛿𝑠𝑡

⃦⃦⃦
= 0, (5)

was obtained the characteristic equation, the solution
of which determines the frequency splitting that arises
due to the electromagnetic influence of the resonators.
In this case, each non-degenerate value of the frequency
𝜔̃𝑠 = 𝜔𝑠 + 𝑖𝜔𝑠′′ (𝑠 = 1, 2, . . . , 𝑁) of the system 𝑠-
th natural oscillations corresponds to its own column
vector:

b𝑠= ‖bst‖ =

⎛⎜⎜⎜⎝
bs1
bs2
...
bs𝑁

⎞⎟⎟⎟⎠ , (𝑠 = 1, 2, . . . , 𝑁) (6)

of the coupling operator 𝐾 (𝑡 = 1, 2, . . . , 𝑁) (4),
determining the distribution of amplitudes of parti-
al resonators. Thus, in the absence of degeneracy of
the DR natural oscillations, a system consisting of

𝑁 resonators is characterized by a 𝑁 × 𝑁 matrix of
amplitudes of coupled oscillations:

𝐵 =

⎛⎜⎜⎜⎝
𝑏11 𝑏21 · · · 𝑏𝑁1
𝑏12 𝑏22 · · · 𝑏𝑁2
...

...
...

...
𝑏1𝑁 𝑏2𝑁 · · · 𝑏𝑁𝑁

⎞⎟⎟⎟⎠ . (7)

In the general case, the solution of the system
of equations (2) is carried out numerically, however,
in some special cases they can be found in analyti-
cal form, which significantly increases the speed of
calculations, especially for large systems (𝑁 ≫ 1).
We have considered particular solutions of (2) for di-
fferent rectangular lattices of identical DRs (𝑘𝑠 = 𝑘0 )
(𝑠 = 1, 2, . . . , 𝑁).

3 Natural oscillations of one-

dimensional lattices DRs

To find the eigenvalues and eigenfunctions of the
DR system, a relatively simple case was considered,
when each resonator is coupled only to its neighbors.
Let us call it the first approximation (Fig. 1, a). The
second approximation determined the solution obtai-
ned under the condition of taking into account the
coupling of resonators with neighbors and neighboring
neighbors (Fig. 1, b). Continuing this process, if desi-
red, we can calculate more accurately the parameters
of the lattice’s natural oscillations.

At first, we considered the simple case of a one-
dimensional lattice of 𝑁 identical DRs, in which all
resonators are coupled only to their neighbors. Under
this condition, the system of equations (1) takes the
form:

𝜅t-1,tb𝑡−1 + (𝑖𝑘𝑡 − 𝜆)b𝑡 + 𝜅t+1,tb𝑡+1 = 0,

(𝑡 = 1, 2, . . . , 𝑁).

For identical DRs, the coupling coefficients of the
resonators with open space are equal to each other:
𝑘𝑡 = 𝑘0. And if the resonators are located at equal
distances from each other: 𝜅𝑡−1,𝑡 = 𝜅𝑡+1,𝑡 = 𝜅12 then
the system is simplified

𝜅12b𝑡−1 + (𝑖𝑘0 − 𝜆)b𝑡 + 𝜅12b𝑡+1 = 0. (8)

The solution of system (8) is well known [23]; we
represented it as a set of normalized eigenvectors with
an amplitude distribution:

𝑏𝑡 = 𝑏0 sin(𝜃𝑡), (𝑡 = 1, 2, . . . , 𝑁). (9)

Substituting (9) into equations (8), we obtain:

2𝜅12 cos 𝜃 + (𝑖𝑘0 − 𝜆) = 0. (10)

We supplemented equations (9), (10) with the
condition of symmetry of the amplitude distribution
for all resonators of the lattice |𝑏𝑣| = |𝑏𝑁−𝑣+1| (𝑣 =
1, 2, . . . , 𝑁); from which we found:

|sin(𝜃𝑣)| = |sin[𝜃(𝑁 − 𝑣 + 1)]| . (11)
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Fig. 1. One-dimensional lattices of 𝑁 (a, b, d) identical DRs. The results of the numerical calculation of the
eigenvalues are dots; the analytical ones are crosses (a, c), obtained for the first approximation (a): 𝑁 = 5;
𝑘0 = 0, 5; 𝜅12 = 0, 75−0, 3𝑖; (c, d): 𝑁 = 4; 𝑘0 = 0, 5; 𝜅ee12 = 0, 75+0, 4𝑖; 𝜅oo12 = −0, 5−0, 2𝑖; 𝜅eo12 = 0, 25+0, 1𝑖.(d, e)

(here and below the values of the coupling coefficients are taken arbitrarily)

The solution to equation (11) has the form:

𝜃 = 𝜃𝑠 =
𝑠𝜋

(𝑁 + 1)
, (𝑠 = 1, 2, . . . , 𝑁). (12)

The characteristic equation (10) together with (12)
determines the𝑁 eigenvalues found in the first approxi-
mation:

𝜆𝑠 = 𝑖𝑘0 + 2𝜅12 cos

[︂
𝑠𝜋

(𝑁 + 1)

]︂
, (13)

where each value 𝜆𝑠 corresponds 𝑠-th normalized vector
(6) of natural oscillations of the resonator system:

𝑏𝑠𝑡 = 𝑏𝑠0 sin(𝜃
𝑠𝑡), (𝑡 = 1, 2, . . . , 𝑁). (14)

An interesting feature of the found solution is
the validity of the phase distribution functions of
the amplitudes of coupled oscillations obtained in
the approximation of interaction of only neighboring
resonators. As follows from (14), these functions also
do not depend on the electromagnetic parameters, but
are determined only by the number of resonators in the
lattice.

Fig. 1, c shows the result of comparison of the
eigenvalues of a linear lattice consisting of 5 DRs,
calculated using formula (13) (crosses) and the ei-
genvalues obtained numerically for the truncated
coupling matrix (7) (dots) for the first approximation.

The formula for the second approximation was
found taking into account the coupling with the two

closest resonators on each side (Fig. 1, b). For this the
equation (2) was represented as:

𝜅t-2,tb𝑡−2 + 𝜅t-1,tb𝑡−1 + (𝑖𝑘0 − 𝜆)b𝑡+

+𝜅t+1,tb𝑡+1 + 𝜅t+2,tb𝑡+2 = 0,

further we used the following notations: 𝜅𝑡−1,𝑡 =
𝜅𝑡+1,𝑡 = 𝜅12, 𝜅𝑡−2,𝑡 = 𝜅𝑡+2,𝑡 = 𝜅13. Then:

𝜅12(b𝑡−1+b𝑡+1)+𝜅13(b𝑡−2+b𝑡+2)+(𝑖𝑘0−𝜆)b𝑡=0. (15)

The exact analytical solution of system (15) is
cumbersome, so we used perturbation theory to
analytically represent the eigenvalues and eigenvectors,
assuming a smallness of magnitude of the coupling
coefficient |𝜅13| ≪ |𝜅12|.

For this purpose, the coupling matrix 𝐾
corresponding to the system of equations (15) was
represented in the form:

𝐾 = 𝐾1 + 𝜅13𝑄, (16)

and used perturbation theory [23, 24], where 𝐾1 –
the coupling matrix determined for the DR system
taking into account the interaction of only adjacent
resonators (10), and 𝑄 = [[𝛿𝑠,𝑡−2 + 𝛿𝑠,𝑡+2]]. To do this,
we expanded the eigenvectors (6)

b𝑠= ‖bst‖ = b𝑠
0 + 𝜅13b

𝑠
1 + (𝜅13)

2
b𝑠
2 + . . .

and eigenvalues (2)

𝜆𝑠 = 𝜆𝑠
0 + 𝜅13𝜆

𝑠
1 + (𝜅13)

2
𝜆𝑠
2 + . . .
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in a series of powers 𝜅13. Here b𝑠
0 and 𝜆𝑠

0 - vector (9)
and eigenvalues (13) of the coupling matrix. Substitut-
ing the indicated expansions into (16) and equating the
terms with the same powers, we represented, according
to [24]:

b𝑠
1 =

𝑁∑︁
𝑗 ̸=𝑠

𝑐𝑗,𝑠b𝑗
0

𝜆𝑠
0 − 𝜆𝑗

0

,

where
𝑐𝑗,𝑠 =

⟨
𝑄b𝑠

0,b
𝑗
0

⟩
;

𝜆𝑠
1 = ⟨𝑄b𝑠

0,b
𝑠
0⟩ ; (17)

⟨a, b⟩ =
N∑︀
t=1

𝑎𝑡b
*
𝑡 is the scalar product of vectors in

complex 𝑁 dimensional Euclidean space.
The obtained expressions (13), (17) made it possi-

ble to estimate approximations of different orders
in comparison with the results obtained numerically.
Fig. 2 shows the results of calculations obtained for
two lattices consisting of 10 spherical DRs, carried
out for the case of fundamental oscillations H111 with
magnetic field polarization in the center of each of
the resonators, orthogonal to the lattice axis and whi-
spering gallery modes H20,20,1. It’s obvious that the
first approximation (13), found by using the tridiagonal
matrix, is unsatisfactory for calculating the frequencies
for the modes of main types H111 (Fig. 2, b). However,
if the resonator field decreases rapidly with increasing
distance from its surface |𝜅1𝑠| ≪ |𝜅12| for 𝑠 > 2,
then both approximations give nearly the same result
(Fig. 2, d), close to the exact values.

4 Natural oscillations of lattices

with degenerate mode DRs

More complex solutions to the problem of natural
oscillations of a lattice of identical DRs with degenerate
oscillations (Fig. 3, a) were constructed based on the
assumption about the behavior of their amplitudes.
For simplicity, we assumed that in each resonator at
one frequency there are only two orthogonal modes.
We have designated these oscillations with letters: e -
even and o - odd. In general 𝜅ee12 ̸= 𝜅oo12; in this case, the
coupling coefficients of the resonators with open space
are equal: 𝑘e𝑡 = 𝑘o𝑡 = 𝑘0.

We may have formulated the conditions
under which the field amplitudes of coupled osci-
llations of a lattice with DR degenerate modes are
connected with field distributions of the same lattice
with non-degenerate modes of resonators.

Indeed, in the case of a one-dimensional lattice, if
a coupling matrix is Toeplitz 𝜅st = 𝜅|s-t| and the di-
stribution of the amplitudes of the natural oscillations
obeys the relations:

N∑︁
s=1

𝜅st b𝑠 = b𝑡

N∑︁
s=1

𝜅s 𝛼𝑠, (18)

where 𝛼𝑠 do not depend on 𝑡, then the frequency
spectrum of the same resonator lattice with degenerate
types of natural oscillations is simply expressed
through the characteristics of the same lattice of
resonators with non-degenerate modes.

Fig. 2. One-dimensional lattices of 𝑁 spherical DRs with H111 oscillations (a) (𝜀1𝑟 = 9); with H20,20,1 oscillations
(c) (𝜀1𝑟 = 2, 2). The first approximation results of the numerical calculation of the eigenvalues are dots; the

analytical ones on (13) are cycles; for the second approximation on (16) are crosses (b, d): 𝑁 = 10
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To prove this, we represented the system of equati-
ons (2), describing the amplitudes of coupled oscillati-
ons of the DR with degenerate modes in the form of 𝑁
paired equations:

2N∑︁
s=1

𝜅𝑢𝑣
st b𝑣𝑠 + (𝑖𝑘0 − 𝜆)be𝑡 = 0;

2N∑︁
s=1

𝜅𝑢𝑣
st b𝑣𝑠 + (𝑖𝑘0 − 𝜆)bo𝑡 = 0;

(𝑡 = 1, 2, . . . , 𝑁), where 𝑢𝑣 takes on the values ee;
oo; eo, depending on the relationship between modes
of different types. We represented the solution of the
equation system in the form:

be,o𝑡 = 𝐴e,ob𝑡, (19)

where amplitudes 𝐴e,o do not depend on the DR
number, and b𝑡 are the solution of the system of
equations (2) for DR with non-degenerate oscillations.
Substituting (19) into (18), we obtain a system of two
linear equations for unknown amplitudes 𝐴e,o:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

𝐴e
N∑︀
s=1

𝜅eest b𝑠+𝐴o
N∑︀
s=1

𝜅eost b𝑠+(𝑖𝑘0−𝜆)𝐴eb𝑡=0;

𝐴o
N∑︀
s=1

𝜅oost b𝑠+𝐴e
N∑︀
s=1

𝜅eost b𝑠+(𝑖𝑘0−𝜆)𝐴ob𝑡=0

(20)
or taking into account (17)⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

[︂
N∑︀
s=1

𝜅ees 𝛼𝑠+(𝑖𝑘0−𝜆)

]︂
·𝐴e+

[︂
N∑︀
s=1

𝜅eos 𝛼𝑠

]︂
·𝐴o=0;

[︂
N∑︀
s=1

𝜅eos 𝛼𝑠

]︂
·𝐴e+

[︂
N∑︀
s=1

𝜅oos 𝛼𝑠+(𝑖𝑘0 − 𝜆)

]︂
·𝐴o=0.

(21)
A non-trivial solution to the system determines the

eigenvalues

𝜆± = 𝑖𝑘0 +
1

2

[︃
N∑︁
s=1

(𝜅ees + 𝜅oos ) 𝛼𝑠 ± 𝑑

]︃
; (22)

𝑑 =

⎧⎨⎩
[︃

N∑︁
s=1

(𝜅ees + 𝜅oos ) 𝛼𝑠

]︃2
−

−4

⎡⎣(︃ N∑︁
s=1

𝜅ees 𝛼𝑠

)︃(︃
N∑︁
s=1

𝜅oos 𝛼𝑠

)︃
−

(︃
N∑︁
s=1

𝜅eos 𝛼𝑠

)︃2
⎤⎦⎫⎬⎭

1/2

;

and the ratio of amplitudes:

𝐴o

𝐴e
=

−
[︂

N∑︀
s=1

𝜅ees 𝛼𝑠 + (𝑖𝑘0 − 𝜆)

]︂
N∑︀
s=1

[𝜅eos 𝛼𝑠]

. (23)

It also follows from the obtained results that in the
absence of a coupling between the degenerate modes

of all resonators (𝜅eo𝑠 = 0), the natural oscillations
disintegrate into oscillations of two set of separate
submodes, the frequencies of which are determined
by the natural values found from two independent
equations.

5 Natural oscillations of one-

dimensional lattices with

degenerate mode DRs

As an example, coupled oscillations of a one-
dimensional DR lattice were considered. For simplicity,
only the first approximation was found, i.e. it was
assumed that the resonators are coupled only with nei-
ghboring ones (Fig. 1, d), while the coupling coefficients
are non-zero: 𝜅e,e𝑡−1,𝑡 = 𝜅e,e𝑡,𝑡+1 = 𝜅e,e12 ; 𝜅

o,o
𝑡−1,𝑡 = 𝜅o,o𝑡,𝑡+1 =

𝜅o,o12 ; 𝜅
e,o
𝑡−1,𝑡 = 𝜅e,o𝑡,𝑡+1 = 𝜅e,o12 = 𝜅o,e12 , and the degenerate

oscillations in each DR are orthogonal: 𝜅eo𝑡𝑡 = 0.
In this case, equations (18) for the 𝑡-th DR lattice

with non-zero terms are represented in the form:{︂
𝜅ee12(b

e
𝑡−1+be𝑡+1)+𝜅eo12(b

o
𝑡−1+bo𝑡+1)+(𝑖𝑘0−𝜆)be𝑡 =0

𝜅eo12(b
e
𝑡−1+be𝑡+1)+𝜅oo12(b

o
𝑡−1+bo𝑡+1)+(𝑖𝑘0−𝜆)bo𝑡 =0

;

(𝑡 = 1, 2, . . . , 𝑁)
(24)

The solution to system (24) was sought in the form:

be𝑡 = 𝐴e sin(𝜃𝑡), bo𝑡 = 𝐴o sin(𝜃𝑡), (25)

where also

𝜃 = 𝜃𝑠 =
𝑠𝜋

(𝑁 + 1)
; (𝑠 = 1, 2, . . . , 𝑁). (26)

Condition (17), taking into account (25), takes the
form:

N∑︁
s=1

𝜅st b𝑠 → 𝜅t-1,tb𝑡−1 + 𝜅t+1,tb𝑡+1 =

= 𝜅12(b𝑡−1 + b𝑡+1) = 2b𝑡𝜅12 cos(𝜃),

where do we find the value: 𝛼𝑠 = 2 cos(𝜃). From (22),
(23) we determined the relative amplitudes:

𝐴o/𝐴e = −[2 cos(𝜃)𝜅ee12+(𝑖𝑘0−𝜆)]/ [2 cos(𝜃)𝜅eo12] (27)

as well as natural oscillation frequencies:

𝜆± = 𝑖𝑘0 + cos(𝜃) [(𝜅ee12 + 𝜅oo12)± 𝑑] , (28)

where

𝑑 =
{︁
(𝜅ee12 + 𝜅oo12)

2 − 4
[︁
𝜅ee12𝜅

oo
12 − (𝜅eo12)

2
]︁}︁1/2

. (29)

The correctness of the reasoning carried out is confi-
rmed by a comparison of the eigenvalues obtained from
(26), (28) (crosses) and a numerical calculation of the
eigenvalues of the tridiagonal coupling matrix (dots)
(Fig. 1, e).
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6 Natural oscillations of two-

dimensional lattices DR

In a similar way, the natural oscillations of a two-
dimensional rectangular lattice consisting of 𝑁 × 𝑀
identical resonators were calculated (Fig. 3, a). In this
case “coordinates” of each resonator were determined
by two numbers (𝑠, 𝑡), 𝑠 denoted the horizontal position
number, and 𝑡 the vertical position number of the DR
in a rectangular lattice. When solving the system of
equations (2) for the 𝑠, 𝑡-th DR, the first approximation
was considered to be taking into account the coupling
of each of the resonators only with the nearest ones of
the lattice (Fig. 3, a):

𝜅s-1,t-1|s,tbs-1,t-1 + 𝜅s-1,t|s,tbs-1,t + 𝜅s-1,t+1|s,tbs-1,t+1+

+𝜅s,t-1|s,tbs,t-1 + (𝑖𝑘0 − 𝜆)b𝑠,𝑡 + 𝜅s,t+1|s,tbs,t+1+

+𝜅s+1,t-1|s,tbs+1,t-1 + 𝜅s+1,t|s,tbs+1,t+

+𝜅s+1,t+1|s,tbs+1,t+1 = 0,

(𝑠 = 1, 2, . . . , 𝑁 ; 𝑡 = 1, 2, . . . ,𝑀). Here 𝜅𝑢,𝑣|𝑠,𝑡 –
mutual coupling coefficients between resonator 𝑢, 𝑣 and
the resonator 𝑠, 𝑡.

For identical DRs, the coupling coefficients
were designated as 𝜅𝑠−1,𝑡−1|𝑠,𝑡 = 𝜅𝑠−1,𝑡+1|𝑠,𝑡 =
𝜅𝑠+1,𝑡−1|𝑠,𝑡 = 𝜅𝑠+1,𝑡+1|𝑠,𝑡 = 𝜅𝑥𝑦; 𝜅𝑠−1,𝑡|𝑠,𝑡 =
𝜅𝑠+1,𝑡|𝑠,𝑡 = 𝜅𝑥; 𝜅𝑠,𝑡−1|𝑠,𝑡 = 𝜅𝑠,𝑡+1|𝑠,𝑡 = 𝜅𝑦. In this case,
the system of equations takes a more compact form:

𝜅𝑥(bs-1,t+bs+1,t) + 𝜅𝑦(bs,t-1+bs,t+1) + (𝑖𝑘0−𝜆)b𝑠,𝑡+

+ 𝜅𝑥𝑦(bs-1,t-1 + bs-1,t+1 + bs+1,t-1 + bs+1,t+1) = 0.
(30)

The solution to the system of equations (30) was
sought in the form:

b𝑠,𝑡 = b0 sin(𝜃𝑥𝑠) sin(𝜃𝑦𝑡), (31)

where it was assumed that b0 also does not depend on
the resonator number.

Substituting (31) into (30), we again found the
characteristic equation, which is independent of the DR
indices:

2𝜅x cos(𝜃𝑥) + 2𝜅y cos(𝜃𝑦) + (𝑖𝑘0 − 𝜆)+

+ 4𝜅𝑥𝑦 cos(𝜃𝑥) cos(𝜃𝑦) = 0. (32)

Equation (32) was supplemented by the conditions
of symmetry of natural oscillations: |b𝑢,𝑡| = |b𝑁−𝑢+1,𝑡|
and |b𝑠,𝑣| = |b𝑠,𝑀−𝑣+1|, where taking into account (31)

|sin(𝜃𝑥𝑢)| = |sin[𝜃𝑥(𝑁 − 𝑢+ 1)]| ;
|sin(𝜃𝑦𝑣)| = |sin[𝜃𝑦(𝑀 − 𝑣 + 1)]| .

(33)

The solution of equations (33), as well as (11), (12),
we know:

𝜃𝑥 = 𝜃𝑛𝑥 =
𝑛𝜋

(𝑁 + 1)
; 𝜃𝑦 = 𝜃𝑚𝑦 =

𝑚𝜋

(𝑀 + 1)
;

(𝑛 = 1, 2, . . . , 𝑁 ; 𝑚 = 1, 2, . . . ,𝑀).
(34)

Expressions (34) together with (32) determine the
eigenvalues of a two-dimensional lattice of 𝑁 × 𝑀
identical DRs in the first approximation:

𝜆𝑛,𝑚 = 𝑖𝑘0+2𝜅x cos

[︂
𝑛𝜋

(𝑁 + 1)

]︂
+2𝜅y cos

[︂
𝑚𝜋

(𝑀 + 1)

]︂
+

+ 4𝜅𝑥𝑦 cos

[︂
𝑛𝜋

(𝑁 + 1)

]︂
cos

[︂
𝑚𝜋

(𝑀 + 1)

]︂
. (35)

The result of the numerical (points) and analyti-
cal (35) (crosses) calculation of the eigenvalues of the
coupling operator (4) for the rectangular 𝑁×𝑀 = 4×4
DR lattice is shown in Fig. 3, b.

The second approximation for a two-dimensional
lattice in analytical form can be obtained similarly
to the approximation obtained for a one-dimensional
lattice using perturbation theory.

Fig. 3. Two-dimensional (a) lattice of identical resonators. The results of the numerical calculation of the
eigenvalues are dots; the analytical ones are crosses; b:𝑁 = 4;𝑀 = 4; 𝑘0 = 0, 5; 𝜅𝑥 = 0, 75−0, 3𝑖; 𝜅𝑦 = 0, 5+0, 2𝑖;

𝜅𝑥𝑦 = 0, 15 + 0, 3𝑖; c: 𝑁 = 4; 𝑀 = 3; 𝑘0 = 0, 5; 𝜅ee𝑥 = 0, 75 − 0, 3𝑖; 𝜅oo𝑥 = −0, 3 + 0, 3𝑖; 𝜅ee𝑦 = 0, 5 + 0, 2𝑖;
𝜅oo𝑦 = −0, 25+0, 2𝑖; 𝜅ee𝑥𝑦 = 0, 2+0, 2𝑖; 𝜅oo𝑥𝑦 = 0, 15+0, 1𝑖; 𝜅eo𝑥 = 0, 15− 0, 1𝑖; 𝜅eo𝑦 = 0, 2− 0, 15𝑖; 𝜅eo𝑥𝑦 = 0, 1+0, 1𝑖
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7 Natural oscillations of two-

dimensional lattices with

degenerate mode DRs

In the case of a two-dimensional rectangular lattice
of 𝑁 × 𝑀 identical resonators with two degenerate
types of natural oscillations (Fig. 3, a), the designati-
ons of the coupling coefficients of the degenerate
oscillations were retained, the same as in 6: 𝑘e𝑠 =
𝑘o𝑠 = 𝑘0; 𝜅

𝑢𝑣
𝑠−1,𝑡−1|𝑠,𝑡 = 𝜅𝑢𝑣

𝑠−1,𝑡+1|𝑠,𝑡 = 𝜅𝑢𝑣
𝑠+1,𝑡−1|𝑠,𝑡 =

𝜅𝑢𝑣
𝑠+1,𝑡+1|𝑠,𝑡 = 𝜅𝑢𝑣

𝑥𝑦 ; 𝜅𝑢𝑣
𝑠−1,𝑡|𝑠,𝑡 = 𝜅𝑢𝑣

𝑠+1,𝑡|𝑠,𝑡 = 𝜅𝑢𝑣
𝑥 ;

𝜅𝑢𝑣
𝑠,𝑡−1|𝑠,𝑡 = 𝜅𝑢𝑣

𝑠,𝑡+1|𝑠,𝑡 = 𝜅𝑢𝑣
𝑦 , where 𝑢,𝑣 take values

𝑒 or 𝑜 depending on the mode parity of the partial
resonators, and the degenerate modes of each DR are
orthogonal to each other: 𝜅eo𝑡𝑡 = 0. Here also 𝜅eo𝑢,𝑣|𝑠,𝑡 –
mutual coupling coefficients between resonator 𝑢, 𝑣 and
the resonator 𝑠, 𝑡. The “coordinates” of each resonator
we also defined by two numbers: (𝑠, 𝑡), where 𝑠 denoted
the horizontal position number, and the 𝑡 vertical posi-
tion number of the DR in a rectangular lattice. When
solving the system of equations (2) in the first approxi-
mation for the 𝑠, 𝑡-th DR, the coupling of each of the
resonators was taken into account only with the nearest
resonators of the lattice, using above designations:

𝜅ee𝑥 (b
e

s-1,t+bes+1,t)+𝜅ee𝑦 (b
e

s,t-1+bes,t+1)+(𝑖𝑘0−𝜆)be𝑠,𝑡+

+ 𝜅ee𝑥𝑦(b
e

s-1,t-1 + bes-1,t+1 + bes+1,t-1 + bes+1,t+1)+

+ 𝜅eo𝑥 (b
o

s-1,t + bos+1,t) + 𝜅eo𝑦 (b
o

s,t-1 + bos,t+1)+

𝜅eo𝑥𝑦(b
o

s-1,t-1 + bos-1,t+1 + bos+1,t-1 + bos+1,t+1) = 0,

𝜅oo𝑥 (b
o

s-1,t+bos+1,t)+𝜅oo𝑦 (b
o

s,t-1+bos,t+1)+(𝑖𝑘0−𝜆)bo𝑠,𝑡+

+ 𝜅oo𝑥𝑦(b
o

s-1,t-1 + bos-1,t+1 + bos+1,t-1 + bos+1,t+1)+

+ 𝜅eo𝑥 (b
e

s-1,t + bes+1,t) + 𝜅eo𝑦 (b
e

s,t-1 + bes,t+1)+

+ 𝜅eo𝑥𝑦(b
e

s-1,t-1 + bes-1,t+1 + bes+1,t-1 + bes+1,t+1) = 0

(𝑠 = 1, 2, . . . , 𝑁 ; 𝑡 = 1, 2, . . . ,𝑀).
(36)

The solution to the system of equations (36) was
sought in the form of standing waves of the Bloch type:

be,o𝑠,𝑡 = be,o0 sin(𝜃𝑥𝑠) sin(𝜃𝑦𝑡), (37)

where it was also assumed that b𝑒,𝑜0 does not depend
on the number of resonators.

Substituting (37) into (36), we again obtained a
system of equations, that does not depend on the DR
number:

{2[𝜅eex cos(𝜃𝑥) + 𝜅eey cos(𝜃𝑦) + 2𝜅ee𝑥𝑦 cos(𝜃𝑥) cos(𝜃𝑦)]+

+ (𝑖𝑘0 − 𝜆)} · 𝑏e0 + 2[𝜅eox cos(𝜃𝑥) + 𝜅eoy cos(𝜃𝑦)+

+ 2𝜅eo𝑥𝑦 cos(𝜃𝑥) cos(𝜃𝑦)] · 𝑏o0 = 0;

2[𝜅eox cos(𝜃𝑥)+𝜅eoy cos(𝜃𝑦)+2𝜅eo𝑥𝑦cos(𝜃𝑥)cos(𝜃𝑦)] · 𝑏e0+
+ {2[𝜅oox cos(𝜃𝑥)+𝜅ooy cos(𝜃𝑦)+2𝜅oo𝑥𝑦 cos(𝜃𝑥) cos(𝜃𝑦)]+

+ (𝑖𝑘0 − 𝜆)} · 𝑏o0 = 0.
(38)

The non-trivial solution (38) determines the ei-
genvalues:

𝜆± = 𝑖𝑘0+(𝜅ee𝑥 +𝜅oo𝑥 ) cos(𝜃𝑥)+ (𝜅ee𝑦 +𝜅oo𝑦 ) cos(𝜃𝑦)+

+ 2(𝜅ee𝑥𝑦 + 𝜅oo𝑥𝑦) cos(𝜃𝑥) cos(𝜃𝑦)± 𝑑, (39)

where

𝑑 = {[(𝜅ee𝑥 + 𝜅oo𝑥 ) cos(𝜃𝑥) + (𝜅ee𝑦 + 𝜅oo𝑦 ) cos(𝜃𝑦)+

+ 2(𝜅ee𝑥𝑦 + 𝜅oo𝑥𝑦) cos(𝜃𝑥) cos(𝜃𝑦)]
2−

− 4[𝜅ee𝑥 cos(𝜃𝑥) + 𝜅ee𝑦 cos(𝜃𝑦) + 2𝜅ee𝑥𝑦 cos(𝜃𝑥) cos(𝜃𝑦)]×
× [𝜅oo𝑥 cos(𝜃𝑥) + 𝜅oo𝑦 cos(𝜃𝑦) + 2𝜅oo𝑥𝑦 cos(𝜃𝑥) cos(𝜃𝑦)]+

+ 4[𝜅eo𝑥 cos(𝜃𝑥)+𝜅eo𝑦 cos(𝜃𝑦)+2𝜅eo𝑥𝑦 cos(𝜃𝑥) cos(𝜃𝑦)]
2
}︁ 1

2

.

(40)

Equation (39) was supplemented by symmetry

conditions:
⃒⃒
be,o𝑢,𝑡

⃒⃒
=

⃒⃒⃒
be,o𝑁−𝑢+1,𝑡

⃒⃒⃒
and

⃒⃒
be,o𝑠,𝑣

⃒⃒
=⃒⃒⃒

be,o𝑠,𝑀−𝑣+1

⃒⃒⃒
, from where, taking into account (37), we

found:

𝜃𝑥 =
𝑛𝜋

(𝑁 + 1)
; 𝜃𝑦 =

𝑚𝜋

(𝑀 + 1)
;

(𝑛 = 1, 2, . . . , 𝑁 ; 𝑚 = 1, 2, . . . ,𝑀).
(41)

The expressions (41) together with (39), (40) in
general define the 2 × (𝑁 × 𝑀) eigenvalues obtained
in the first approximation of a two-dimensional lattice
of identical DR with two degenerate types of natural
oscillations.

The result of the numerical (points) and analytical
(37)-(39) calculation of the eigenvalues of the coupling
operator (4) for a rectangular 𝑁×𝑀 = 4×3 DR lattice
is shown in Fig. 3, c.

8 Natural oscillations of three-

dimensional lattices DR

Three-dimensional lattices usually contain a very
large number of resonators, which significantly compli-
cates the calculation of their parameters, so obtaining
analytical relationships for them is a very urgent task.
We considered the parameters of coupled oscillations
of a three-dimensional rectangular lattice of identical
𝑁×𝑀×𝐿 resonators (Fig. 4, a). In this case the coordi-
nates of each resonator of the lattice were determined
by three indices (𝑠, 𝑡, 𝑢), where 𝑠 denotes the number of
the horizontal position along the 𝑥 axis, 𝑡 the number
of the horizontal position along the 𝑦 axis and 𝑙 the
number of the vertical position of the DR along the
𝑧 axis. It was assumed also that the mutual coupling



Зв’язанi коливання прямокутних решiток дiелектричних резонаторiв (аналiтичнi рiшення) 35

coefficients of the resonators are symmetrical:

𝜅𝑠−1,𝑡,𝑙|𝑠,𝑡,𝑙 = 𝜅𝑠+1,𝑡,𝑙|𝑠,𝑡,𝑙 = 𝜅𝑥;

𝜅𝑠,𝑡−1,𝑙|𝑠,𝑡,𝑙 = 𝜅𝑠,𝑡+1,𝑙|𝑠,𝑡,𝑙 = 𝜅𝑦;

𝜅𝑠,𝑡,𝑙−1|𝑠,𝑡,𝑙 = 𝜅𝑠,𝑡,𝑙+1|𝑠,𝑡,𝑙 = 𝜅𝑧;

𝜅𝑠−1,𝑡−1,𝑙|𝑠,𝑡,𝑙 = 𝜅𝑠−1,𝑡+1,𝑙|𝑠,𝑡,𝑙 = 𝜅𝑠+1,𝑡−1,𝑙|𝑠,𝑡,𝑙 =

= 𝜅𝑠+1,𝑡+1,𝑙|𝑠,𝑡,𝑙 = 𝜅𝑥𝑦;

𝜅𝑠−1,𝑡,𝑙−1|𝑠,𝑡,𝑙 = 𝜅𝑠−1,𝑡,𝑙+1|𝑠,𝑡,𝑙 = 𝜅𝑠+1,𝑡,𝑙−1|𝑠,𝑡,𝑙 =

= 𝜅𝑠+1,𝑡,𝑙+1|𝑠,𝑡,𝑙 = 𝜅𝑥𝑧;

𝜅𝑠,𝑡−1,𝑙−1|𝑠,𝑡,𝑙 = 𝜅𝑠,𝑡−1,𝑙+1|𝑠,𝑡,𝑙 = 𝜅𝑠,𝑡+1,𝑙−1|𝑠,𝑡,𝑙 =

= 𝜅𝑠,𝑡+1,𝑙+1|𝑠,𝑡,𝑙 = 𝜅𝑦𝑧;

𝜅𝑠−1,𝑡−1,𝑙−1|𝑠,𝑡,𝑙 = 𝜅𝑠+1,𝑡+1,𝑙+1|𝑠,𝑡,𝑙 =

= 𝜅𝑠+1,𝑡−1,𝑙−1|𝑠,𝑡,𝑙 = 𝜅𝑠−1,𝑡+1,𝑙+1|𝑠,𝑡,𝑙 = 𝜅𝑥𝑦𝑧;

𝜅𝑠−1,𝑡+1,𝑙−1|𝑠,𝑡,𝑙 = 𝜅𝑠+1,𝑡−1,𝑙+1|𝑠,𝑡,𝑙 =

= 𝜅𝑠+1,𝑡+1,𝑙−1|𝑠,𝑡,𝑙 = 𝜅𝑠−1,𝑡−1,𝑙+1|𝑠,𝑡,𝑙 = 𝜅𝑥𝑦𝑧.

(42)

Then the system of equations (2) for the DR with
“coordinates” (𝑠, 𝑡, 𝑙), in the first approximation, ta-
king into account the coupling only with the nearest
resonators of the lattice, can be represented in the
form:

𝜅𝑥(bs-1,t,l + bs+1,t,l) + 𝜅𝑦(bs,t-1,l + bs,t+1,l)+

+ 𝜅z(bs,t,l-1 + bs,t,l+1) + (𝑖𝑘0 − 𝜆)b𝑠,𝑡,𝑙+

+ 𝜅xy(bs-1,t-1,u + bs+1,t+1,l + bs+1,t-1,l + bs-1,t+1,l)+

+ 𝜅𝑥𝑧(bs-1,t,l-1 + bs+1,t,l-1 + bs-1,t,l+1 + bs+1,t,l+1)+

+ 𝜅𝑦𝑧(bs,t-1,l-1 + bs,t+1,l-1 + bs,t-1,l+1 + bs,t+1,l+1)+

+ 𝜅𝑥𝑦𝑧(bs-1,t-1,l-1 + bs+1,t+1,l+1 + bs+1,t-1,l-1+

+ bs-1,t+1,l+1 + bs-1,t+1,l-1 + bs+1,t-1,l+1+

+ bs+1,t+1,l-1 + bs-1,t-1,l+1) = 0,

(𝑠 = 1, 2, . . . , 𝑁 ; 𝑡 = 1, 2, . . . ,𝑀 ; 𝑙 = 1, 2, . . . , 𝐿).
(43)

The solution of system (43) was again represented
in the form:

b𝑠,𝑡,𝑙 = b0 sin(𝜃𝑥𝑠) sin(𝜃𝑦𝑡) sin(𝜃𝑧𝑙). (44)

Substituting (44) into (43), we found, taking into
account (42), after simple transformations:

2𝜅x cos(𝜃𝑥) + 2𝜅y cos(𝜃𝑦) + 2𝜅𝑧 cos(𝜃𝑧) + (𝑖𝑘0−𝜆)+

+4𝜅𝑥𝑦 cos(𝜃𝑥) cos(𝜃𝑦) + 4𝜅𝑥𝑧 cos(𝜃𝑥) cos(𝜃𝑧)+

+4𝜅𝑦𝑧cos(𝜃𝑦)cos(𝜃𝑧)+8𝜅𝑥𝑦𝑧cos(𝜃𝑥)cos(𝜃𝑦)cos(𝜃𝑧)=0,

from where:

𝜆 = 𝑖𝑘0 + 2𝜅x cos(𝜃𝑥) + 2𝜅y cos(𝜃𝑦) + 2𝜅𝑧 cos(𝜃𝑧)+

+ 4𝜅𝑥𝑦 cos(𝜃𝑥) cos(𝜃𝑦) + 4𝜅𝑥𝑧 cos(𝜃𝑥) cos(𝜃𝑧)+

+ 4𝜅𝑦𝑧 cos(𝜃𝑦) cos(𝜃𝑧) + 8𝜅𝑥𝑦𝑧 cos(𝜃𝑥) cos(𝜃𝑦) cos(𝜃𝑧).
(45)

Also using the symmetry properties of the fields of
natural oscillations of a rectangular lattice: |b𝑟,𝑡,𝑢| =
|b𝑁−𝑟+1,𝑡,𝑢|; |b𝑠,𝑣,𝑢| = |b𝑠,𝑀−𝑣+1,𝑢|; |b𝑠,𝑡,𝑤| =
|b𝑠,𝑡,𝐿−𝑤+1|, we similarly determined:

𝜃𝑥 = 𝜃𝑛𝑥 =
𝑛𝜋

(𝑁 + 1)
; 𝜃𝑦 = 𝜃𝑚𝑦 =

𝑚𝜋

(𝑀 + 1)
;

𝜃𝑧 = 𝜃𝑙𝑧 =
𝑙𝜋

(𝐿+ 1)
,

(𝑛 = 1, 2, . . . , 𝑁 ; 𝑚 = 1, 2, . . . ,𝑀 ; 𝑙 = 1, 2, . . . , 𝐿);
(46)

𝜆𝑛,𝑚,𝑙 = 𝑖𝑘0 + 2𝜅x cos

[︂
𝑛𝜋

(𝑁 + 1)

]︂
+ 2𝜅y cos

[︂
𝑚𝜋

(𝑀 + 1)

]︂
+

+ 2𝜅𝑧 cos

[︂
𝑙𝜋

(𝐿+ 1)

]︂
+

+ 4𝜅𝑥𝑦 cos

[︂
𝑛𝜋

(𝑁 + 1)

]︂
cos

[︂
𝑚𝜋

(𝑀 + 1)

]︂
+

+ 4𝜅𝑥𝑧 cos

[︂
𝑛𝜋

(𝑁 + 1)

]︂
cos

[︂
𝑙𝜋

(𝐿+ 1)

]︂
+

+ 4𝜅𝑦𝑧 cos

[︂
𝑚𝜋

(𝑀 + 1)

]︂
cos

[︂
𝑙𝜋

(𝐿+ 1)

]︂
+

+ 8𝜅𝑥𝑦𝑧 cos

[︂
𝑛𝜋

(𝑁 + 1)

]︂
cos

[︂
𝑚𝜋

(𝑀 + 1)

]︂
cos

[︂
𝑙𝜋

(𝐿+ 1)

]︂
.

(47)

In particular, as follows from (35), (47), (3), if the
coupling coefficients of the DR in different “directions”
of a square lattice are equal, then the natural oscillati-
ons degenerate: 𝜆𝑛,𝑚 = 𝜆𝑚,𝑛 for a two-dimensional
and similarly 𝜆𝑛,𝑚,𝑙 = 𝜆𝑚,𝑛,𝑙 for a three-dimensional
lattice.

Real amplitudes (9), obtained in the approximati-
on of taking into account the coupling only between
neighboring resonators, gives rise to another type of
degenerate oscillations of the system. Indeed, if in the
case of a one-dimensional lattice the solutions of the
system of equations are represented in the form:

b𝑛 = b0 cos(𝜃𝑛), (𝑛 = 1, 2, . . . , 𝑁)

then we will get the same set of frequencies of coupled
oscillations (13), as when choosing the amplitude di-
stribution (9). In this case, the symmetry conditions
|𝑏1| = |𝑏𝑁 | will also be met. A similar statement is
obviously also true for the two-dimensional and three-
dimensional lattices considered above. In this case,
the degree of degeneration increases in proportion to
the number of different combinations of the specified
distributions in different directions.

Fig. 4, b shows the results of comparison of the
eigenvalues obtained from (2) (crosses) and numerical
calculations (dots) for the truncated coupling matrix
of a rectangular lattice 𝑁 ×𝑀 × 𝐿 = 4× 4× 4.
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Fig. 4. Three-dimensional lattice (a) of identical resonators. Results of numerical calculation – points; results of
analytical calculation in the first approximation – crosses (b): 𝑁 = 4; 𝑀 = 4; 𝐿 = 4; 𝑘0 = 0, 5; 𝜅𝑥 = 0, 6− 0, 3𝑖;
𝜅𝑦 = 0, 5 + 0, 2𝑖; 𝜅𝑧 = 0, 4 + 0, 2𝑖; 𝜅𝑥𝑦 = 0, 15 + 0, 3𝑖; 𝜅𝑥𝑧 = 0, 1− 0, 2𝑖; 𝜅𝑦𝑧 = 0, 15 + 0, 2𝑖; 𝜅𝑥𝑦𝑧 = −0, 1 + 0, 3𝑖;
(c): 𝜅e𝑥 = 0, 6 − 0, 3𝑖; 𝜅o𝑥 = 0, 3 + 0, 15𝑖; 𝜅eo𝑥 = 0, 2 + 0, 1𝑖; 𝜅e𝑦 = 0, 5 + 0, 2𝑖; 𝜅o𝑦 = 0, 2 + 0, 1𝑖; 𝜅eo𝑦 = 0, 1 + 0, 1𝑖;
𝜅e𝑧 = 0, 4 + 0, 2𝑖; 𝜅o𝑧 = 0, 2 − 0, 1𝑖; 𝜅eo𝑧 = 0, 2 − 0, 1𝑖; 𝜅e𝑥𝑦 = 0, 15 + 0, 3𝑖; 𝜅o𝑥𝑦 = 0, 15 − 0, 1𝑖; 𝜅eo𝑥𝑦 = 0, 1 + 0, 1𝑖;
𝜅e𝑥𝑧 = 0, 1− 0, 2𝑖; 𝜅o𝑥𝑧 = 0, 15 + 0, 2𝑖; 𝜅eo𝑥𝑧 = 0, 1− 0, 2𝑖; 𝜅e𝑦𝑧 = 0, 15 + 0, 2𝑖; 𝜅o𝑦𝑧 = 0, 15− 0, 2𝑖; 𝜅eo𝑦𝑧 = 0, 1− 0, 1𝑖;

𝜅e𝑥𝑦𝑧 = −0, 1 + 0, 1𝑖; 𝜅o𝑥𝑦𝑧 = −0, 1 + 0, 1𝑖; 𝜅eo𝑥𝑦𝑧 = 0, 1 + 0, 1𝑖

9 Natural oscillations of three-

dimensional lattices DR with

degenerate modes

The parameters of coupled oscillations of a three-
dimensional rectangular lattice of identical 𝑁 ×𝑀 ×𝐿
resonators (Fig. 4, a) were calculated for the case when
each of them had two degenerate types modes. Keep-
ing the designations of Sections 6 and 7, taking into
account the solution for the amplitudes:

be,o𝑠,𝑡,𝑙 = be,o0 sin(𝜃𝑥𝑠) sin(𝜃𝑦𝑡) sin(𝜃𝑧𝑙), (48)

we found a system of equations:{︂
[2Σee + (𝑖𝑘0 − 𝜆)]𝑏e0 + 2Σeo𝑏o0 = 0;

2Σeo𝑏e0 + [2Σoo + (𝑖𝑘0 − 𝜆)]𝑏o0 = 0,
(49)

where indicated:

Σ𝑢𝑣 = 𝜅𝑢𝑣
𝑥 cos(𝜃𝑥) + 𝜅𝑢𝑣

𝑦 cos(𝜃𝑦) + 𝜅𝑢𝑣
𝑧 cos(𝜃𝑧)+

+ 2𝜅𝑢𝑣
𝑥𝑦 cos(𝜃𝑥) cos(𝜃𝑦) + 2𝜅𝑢𝑣

𝑥𝑧 cos(𝜃𝑥) cos(𝜃𝑧)+

+ 2𝜅𝑢𝑣
𝑦𝑧 cos(𝜃𝑦) cos(𝜃𝑧)+

+ 4𝜅𝑢𝑣
𝑥𝑦𝑧 cos(𝜃𝑥) cos(𝜃𝑦) cos(𝜃𝑧).

(50)

The indices 𝑢, 𝑣 take values ee; oo; eo depending on
the type of natural oscillations of the DR.

Non-trivial solutions of the system (49) gave us the
relative frequencies of natural oscillations:

𝜆± = 𝑖𝑘0 + (Σee +Σoo)± 𝑑,

where

𝑑 =
{︁
(Σee +Σoo)

2 − 4
[︁
ΣeeΣoo − (Σeo)

2
]︁}︁1/2

(51)

and
𝑏o0/𝑏

e
0 = −[2Σee + (𝑖𝑘0 − 𝜆)]/[2Σeo]. (52)

Fig. 4, c shows the results of comparison of the
eigenvalues obtained numerically from (4) for the
truncated coupling matrix (dots) and calculated using
formula (51) (crosses) for a rectangular lattice
𝑁 × 𝑀 × 𝐿 = 4× 4× 4.

Summarizing further the results obtained above, we
formulated the following statement:

if the coupling matrix is Toeplitz (𝜅st = 𝜅|s-t| =
𝜅𝑛), and the distribution of the amplitudes of the
natural oscillations of identical resonators obeys the
relations:

in the case of a one-dimensional lattice:

N∑︁
s=1

𝜅st b𝑠 = b𝑡

N∑︁
n=1

𝜅𝑛 𝛼𝑛;

for two-dimensional lattice: (𝜅uv|st =
𝜅|u-s|,|𝑣−𝑡| = 𝜅n,m) and:

N∑︁
u=1

𝑀∑︁
𝑣=1

𝜅uv|st b𝑢𝑣 = b𝑠𝑡

N∑︁
n=1

𝑀∑︁
𝑚=1

𝜅𝑛,𝑚 𝛼𝑛𝑚;

for three-dimensional lattice: (𝜅uvw|str =
𝜅|u-s|,|𝑣−𝑡|,|𝑤−𝑟| = 𝜅𝑛,𝑚,𝑙) and:

N∑︁
u=1

𝑀∑︁
𝑣=1

𝐿∑︁
𝑤=1

𝜅uvw|str b𝑢𝑣𝑤=b𝑠𝑡𝑟

N∑︁
n=1

𝑀∑︁
𝑚=1

𝐿∑︁
𝑙=1

𝜅𝑛,𝑚,𝑙 𝛼𝑛𝑚𝑙,

where 𝛼𝑛; 𝛼𝑛𝑚; 𝛼𝑛𝑚𝑙 do not depend on 𝑡; 𝑠, 𝑡; 𝑠, 𝑡, 𝑟,
respectively, then the frequency spectrum of the latti-
ce with degenerate types of natural oscillations of
resonators (Fig. 3) is simply may be expressed through
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the coupled oscillation characteristics of the same
lattice with non-degenerate modes. As follows from
the results presented above, the formulated conditions
are not sufficient to obtain exact solutions, but they
allow the possibility of finding sufficiently accurate
eigenvalues in practically the most difficult cases for
𝑁,𝑀,𝐿 ≫ 1.

The validity of this proposal is confirmed by
the examples given in this paper of the analytical
calculation of the parameters of coupled oscillations of
rectangular lattices with DR degenerate modes.

Conclusion

It is shown that the presence of symmetry in latti-
ces of identical resonators leads to the appearance of
relatively simple real harmonic distributions of the
amplitudes of coupled oscillations. Such amplitude
distributions do not depend on the electromagnetic
parameters of the resonators, but are determined only
by the geometric parameters of the lattice.

Analytical expressions for the parameters of
natural oscillations of one-, two- and three-dimensional
rectangular lattices of identical DRs are found.

The conditions for obtaining the first approxi-
mation using a tridiagonal matrix for calculating the
parameters of coupled oscillations are established.

The conditions under which the frequency spectrum
of a resonator lattice with degenerate types of natural
oscillations is expressed through the characteristics of
the same lattice with non-degenerate resonator osci-
llations are formulated.

The obtained analytical solutions to the problem
of natural oscillations of rectangular lattices with big
DR number are significantly simplify the calculation
and analysis of their characteristics: amplitudes and
frequencies.
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Зв’язанi коливання прямокутних решi-
ток дiелектричних резонаторiв (аналi-
тичнi рiшення)

Трубiн О. О.

Розглядаються спектри частот та розподiли ам-
плiтуд полiв власних коливань систем зв’язаних
дiелектричних резонаторiв (ДР) однакової форми та
розмiрiв, розташованих в одно-, дво- та тривимiрних
прямокутних решiтках. Нехтуючи зв’язками мiж не су-
сiднiми резонаторами, знайденi загальнi аналiтичнi рi-
шення лiнiйної однорiдної системи рiвнянь, запропо-
нованої ранiше для опису власних коливань систем

зв’язаних ДР. Запропонований алгоритм рiшення си-
стем рiвнянь зв’язаних коливань однакових ДР, який до-
зволяє звести рiшення до розрахунку визначникiв три-
дiагональної та п’ятидiагональної матриць. Показано,
що параметри зв’язаних коливань прямокутних стру-
ктур визначаються через простi гармонiчнi розподiли
амплiтуд та частот, якi є характерними для Блохiвських
хвиль квантових частинок в перiодичному потенцiалi.
За допомогою знайдених загальних аналiтичних формул
розрахованi частоти порiвнюються з частотами власних
коливань, отриманими чисельними методами. Вперше
знайдено загальне аналiтичне рiшення для розподiлу
амплiтуд та частот прямокутної решiтки ДР з двокра-
тно виродженими типами власних коливань. Показано,
що у випадку нульового зв’язку мiж виродженими ко-
ливаннями рiзних типiв, отриманi аналiтичнi вирази
переходять у вирази, якi описують коливання ДР в
бiльш простих прямокутних решiтках. Сформульованi
загальнi умови, при виконаннi яких рiшення рiвнянь
для зв’язаних коливань систем ДР може бути знайдено
в аналiтичному виглядi. Показано, що при виконаннi
вказаних умов розподiл амплiтуд зв’язаних коливань
однакових решiток ДР з виродженими та не виродже-
ними типами власних коливань пов’язанi мiж собою.
В цьому випадку запропонована методика розрахунку
амплiтуд та частот зв’язаних коливань решiток ДР iз
виродженими коливаннями. Отриманi формули дозво-
ляють у загальному виглядi оцiнити характеристики
спектра власних коливань при збiльшеннi числа резона-
торiв у прямокутних решiтках. На декiлькох прикладах
демонструється практичне спiвпадiння знайдених ана-
лiтичних та чисельних результатiв. Отриманi висновки
теорiї суттєво спрощують розрахунок i оптимiзацiю па-
раметрiв розсiювання рiзноманiтних пристроїв зв’язку
мiкрохвильового iнфрачервоного та оптичного дiапазо-
нiв довжин хвиль, якi побудованi на основi використан-
ня прямокутних структур ДР.

Ключовi слова: дiелектричний резонатор; зв’язанi
коливання; прямокутна решiтка; спектральна теорiя
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